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Sampling Procedure of the Arithmetic
Operations with two Binary Markov Process
Realizations

Y. Goritskiy, V. Kazakov

Abstract— The sampling procedure of the arithmetic operation with
two Binary Markov Processes (BMP) is considered in detail,
especially for the sum of BMP. The result of the sum can have four
or three states. In the first case there is a Markovian process, in the
second case the process is non Markovian. We investigate sampling
procedure of any realization of this case. The investigation method
takes into account the probability of the state omission and
probability densities functions of staying times in each state. We
obtain the algorithm for choosing of sampling intervals for each state.
They are different. One non trivial example is given. The obtained
results are generalized for other arithmetic operations: the
multiplication and division. One rather important variant of the
application of such processes in the random field model is given at
the final paragraph.

Keywords— Sampling Algorithm, Binary Markov Process,
Avrithmetic Operations with two Binary Markov Processes.

HE problem of sampling - reconstruction procedure (SRP)

of realizations of random processes is extensively

examined in literature. Majority of publications are
devoted to the SRP investigation of realizations of continuous
processes. SRP of realizations of discontinuous processes is
weakly considered. Here we mention some papers connected
with the discussed problem [1, 2]. In [1] sampling of
realizations of the Binary Markov Process (BMP) is
investigated in order to describe new Binary processes. In [2]
SRP of realizations of a function of BMP is analyzed. But this
analysis is based on the covariance approach only. There are
some authors publications [3 - 7] devoted to SRP of
discontinuous process realizations. Investigations in [5 - 7] are
based on the Conditional mean Rule. In results we obtained
the statistical description of sampling procedure and to
estimate the q quality of the reconstruction. It is necessary to
mention that there is a great difference between the SRP
methods for continuous [8 — 11] and discontinuous [5 - 7, 12,
13] process realizations.
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In the present paper we consider SRP of realizations of
discontinuous process which is the arithmetic operation with
two independent BMP processes. Such a problem is
interesting in some control and telemetry systems. There are
two different cases: 1) the sampled process has four different
states; 2) the process has three different states. The first
variant can be considered by the Markov method suggested in
[5 - 7]. The investigation of the second case is more difficult
in comparison with the first one because the process under
consideration becomes non Markov. Here a new aspect of
SRP problem is occurred. In the first time, we need to
investigate the determination of the instant moment of the next
sample, when the locations of previous samples are known.
This problem must be solved taking into account the given
probability of a state omission. This SRP problem is
investigated in detail. Finally, there is one non trivial example.

For the sake of simplicity, we consider the variant of sum of
two BMP realizations in detail. At the end of paper other
arithmetic operations will be discussed.

Let &(t) and & (t) are independent BMP  with

corresponding states: {Xo, X1} and {yo, Y1}, Xo < X1, Yo < Y1,
and with transition densities (or with the intensities) {Lo, A1}
and {uo, p1}. These densities have a known sense, for
instance, Aq:

P{Xo — X1, At} = AoAt + 0(At) etc.

Let us introduce a two dimensional Markov process
{51 (1).% (t)}with four states. The process graph is presented

THE STUDIED VARIANT

in Fig. 1. Here one can see states with all possible transitions
and corresponding densities.
We consider a sum

S(t)=&()+&(1).

Lo
(X01 yl) < ] (X11 yl)
A M A ]
Ho Ha Ho Ha
A 4 Ao > +
(X01 yO) < ” (Xll YO)

Fig. 1 Graph of the two dimensional process { (t).&,(t)}
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The process 5('[) is observable. We have to obtain a sampling

algorithm for any realization of this process with the principal
condition: the probability of a state omission must be no more
of a given value vy.

Let us consider two different cases.

A. The First Case
When
AX=X1-Xo #AY =VY1 - Yo;
the process f(t) has four states zg, 21, Z, Z3:
Zo =Xg * Yo, 21 = Xo t Y1,
Z=X1t Yo, Z3=X1tYs
Since z; # z,, taking into account (1) we have z, - z; = (Xg -
Xo) — (Y1 - Yo) # 0. Then the process cf(t) is Markovian. The
graph of this process is given in Fig. 2. In this case the
probability density function (pdf) of staying time 77; in the

(1)

states z(i=0,1,2,3) is exponential E (¢; ) with parameters:

Mo~ E(oo = Ao+ Wo), 771~ E(ar = ho+ 1),

17y~ E(az = Ay++ o), M3~ E(az = Aq-+ ) (2
A
21 <3
-
T M E
|

Lo l ‘ H Ho Hi
o

-

20

Fig. 2. Graph of transitions of the §(t) process for the first case

The transition probabilities are determined by the following
formulas:

p,. = _*o - Ao
01 ) )
Ho + 29 o+
_ _ M
1= ———, Pp= (3)
A+ o+

In (3) we give some required expressions only. In order to
describe SRP of such type of the process, it is necessary to use
the method [5 - 7].

B. The Second Case

When
AX=X1 - Xg =AYy =Y - Yo,
4)

the process f(t) has three states zg, u, zs:
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Zop=Xg t Yo, U=Xo +Y1,= X1 + Yo, Z3= X1 + Y1
The state u is formed by the union of two states z; and z, of
the process in the first case. Fig. 3 illustrates the expression
(4): the line of the constant sum passes through two states of
the two dimensional process. The graph of transitions of the

process f(t) is shown in Fig. 4.

x+y=\QnSt
\\\\ Z3
Y1 " (O—
YN
yO 20 \ _J \5
Xo X1

Fig.3. Graph of the process &(t) for the second case

v
v

Zy Z3

A

A

Fig.4. Graph of the transitions of the process §(t) for the second
case

Let us discuss the situation with the time states. The pdf of
time staying 7,and 7 in the states z, and z; are the same as

in (2), i.e. they are exponential with the parameters «, and
a5 correspondingly. The situation with pdf of staying time
n, in the state u is another. The pdf of the staying time 7,
depends on the previous state z; (i :0,3). If the realization
comes into the state u from z; , then the pdf of the staying
time 7, will be determined by the formula of the total
probability

f, (t]0) = posE (t,en) + PooE (1 2)

If the realization comes into the state u from Z, , then pdf of

(5a)

the staying time 7, will be determined by another formula of
the total probability

f, (t]3) = p3,E (t.y ) + P E (L) (5b)
It means that pdf of staying time is not exponential. In this

case it is necessary to apply analysis which is valid for non
Markovian processes, or for an arbitrary pdf.

I1l.  THE ESTIMATION OF THE SAMPLING INTERVAL

Let us introduce some designations (Fig. 5):
i, J, k —the past, the presence, and the future states.



INTERNATIONAL JOURNAL OF CIRCUITS, SYSTEMS AND SIGNAL PROCESSING

t, - the last time moment of the measurement of the state
£(t.)=i and &(t_ +T,)=j=i. This means that the change
of the state occurs in the interval (t_,t, +T;).

7jj - the random time interval from t_ until the time moment
of the change state 1 — .

W; (x),0<x<T;, -the corresponding pdf of the random time

interval.
n;j - the random staying time in the state j ; it is described by

the pdf f; (t) and by the distribution function F; (t).
¢j - a random time interval of the output from the state j;
this interval has its initial value at the moment t; :

Gj =T +1; (6)
hj(t) - the pdf of the random variable ¢;; this pdf is
expressed by the formula

min(t,T;
hi()= ]
0
Below we shall investigate the value t>T;; then the upper
limit in (7) will be T, .

Let us assume that there were some samples (it is possible one
sample) and t, is the time moment in the present, i.e.

‘f(tp): I

0 =t,—t_ -isaninterval from t,_until a current present time
ty, 0=T;.

Coj —a remainder of @ : a waiting time for output from j if {; >
0. It means that there was not any output from j during the
interval, i.e.

Soj :(gj |§j >9)—9
The corresponding pdf is determined by

f; (t—x)w; (x)dx,0 <t < oo O

hejzclhj(9+t),0<t<oo (8)
o Kk
J
LIV T
o
L T r T,‘
A [ 4 4+ T; ‘
i)
&

Fig. 5. The illustration of designations

Here ¢, is a normalizing coefficient:

q:Ihj (0+t)dt) =R, (a):Zhj (t)dt )
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The sampling interval T; can be chosen taking into account
the required demand for the probability of the omission of the
next state k:

mI?XP{gej+77k <T;} =P{g9j+77k* <TJ-}= 10
=P{Z<Tj} =R (5K 0)=7

where Fg (t; j,k,8) - is the probability distribution function
of the sum

X =Coj *+ M (11)
k*- is a number of state which gives the minimal value of
the interval T;.
Taking into account the expression (8) and the independence
of the items, the distribution function F(t;j.k,6)is
determined by the integral:

t
Fo (6 5.k, 0)=c,[h; (0+Xx)F (t—x)dx =
’ (12)
0+t
=¢ | hj (X)R (0 +t—x)dx
0
Let us consider two different cases: the random staying time

is described by: A) the exponential law and B) the non
exponential law.

A. The PDF of the Staying Time is Exponential

If a current state j is equal to z, or zz (they have the
exponential pdf), the remainders of waiting states
Sy;» J = 0;3 have the same pdf and they do not depend on 6.
Then we have fj(t) = E(t, a;), j = 0; 3. The staying time 7,
depends on j. Its pdf is determined by the combination of
two exponential pdf, corresponding to states z; and z,. Pdf
for 7, is described by the expression (see, (5a) and (5b)):

2
futh) = 2 peEa), = 03
S=!

(13)
Let us designate:
R(t|j)=e F(ta)=1-e* (14)
and then
. B 2
Ry (t5)=P{m (i)>t] =5 psR(t )

Let us introduce intensities 4, and A, of two exponential

laws. The distribution function of the sum of two independent
exponential random variables can be simply found by the
formula:

-t —Apt
G(t;@,@):l—j?:_; -2‘*_22 iy % 4,

G(tid2p) =1-e"1 (Lt At).if 4y = 2
Then the distribution function F; (t;z
(13) is written in the form:

2 -
Fs (t;zj,u): Fs (t;zj,u): lest(t;aj,as),J:O;S (17)
S=
Thus, taking into account (10), (15) — (17),

(15)
(16)

J-,u) for the expression
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sampling intervals T, and T, can be determined from the
equations:
F(Tju)=7i=03 (18)
B. The PDF of the Staying Time is not Exponential
Let us assume the current state j is the state u. Then the
sampling interval depends on: 1) the previous state ( z, or z,),

2) the staying time @ in the current state u, 3) the future
state, which gives the minimal value of the interval.

Below pdf w, (x)(0<x<T;) plays an important part. So, we

make a note about this pdf: the distribution of a transition
moment in the next interval can be found on the basis of the
distribution in the previous interval. Therefore we can assume

that pdf w; (x) is known intime t, +T,.
Now we determine the distribution w,, (t) for the time

moment z,, of the transition from z; into u.

Taking into account results [5, 6] and the expression (13), one
can obtain the following formula for pdf

W, (t)=w, (t),i=0;3 as a linear combination of two
exponential truncated pdf. The argument of this pdf is
restricted by the value T,. We designate this pdf by E; (t; z,)

(us=0;—0,,i=0;35=12)

-1
e —Hist 1 e —HisTi ’if s % 0
Ey () =1 ( ) itu (19)
UT,if u, =0
The expression for the required pdf has the form:

2

t)=> pEr (tis4 )i =0;3,s=12 (20)
s=1

On the basis of (20) one can find some initial and central
moments.

The next step of our investigation is connected with the
determination of pdf for the sum X =g, +7, .

Pdf of the output time moment ¢, can be found by (7) with
the change j —u . The

calculations are illustrated by the following formulas:

J‘Zpls t Xa zplr Ti X/ulr)dx_

0 s=1

2 2
Zme

r=1 s=.

T

jE (t=X;a )Er (X 44, )dx =

o

d.ae

2 2
:ZZ pisplr irs™s

r=1 s=1

2
“ = Z;qisase‘“S‘ ,i=0;3. (21)

where
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T

“S‘jE(t—x;as)ETi(x;,ui,)dx:

0

dirs = ase

y7n (1_ g (Hr—as)T; )
(:uir — ) (1_ g HirTi )
:uirTi

(1 _ e’/’irTi )

easTi

# 0,

1if/uir io!/“lir -

(22)

’if;uir ;tohuir —a, =0,

S

-1

1if/uir :O

2
qis = pis Z pirdirs ’ I
r=1

We note that d,, involves the information about the previous
transition. Let us determine some other functions.

R, (ti)=P j h, (
= Zzlqise’”“‘ ,i=0;3.
s=1

Here ¢, is a remainder of a waiting time of the output from
the state u with the condition ¢, > 6

=0;3,0=12 (23)

g >t| dX—

(24)

Sou = (gu |gu > 0)_0
The corresponding pdf will be:
ha =G0, (6+1]i),0<t < oo (25)
where ¢, is the normalizing coefficient:
jhu o+tijdt=P{s, >0} =
’ (26)

9) = Z qise_asy
s=1

The next sampling interval T, will be determined from the
expression (10). In order to do this, we find the principal
expression for the function F (T;u,k,0):

t
F, (Tiu,k,0)=P(g,, +7, <t|i):jP(77k <t-X)x
0

xh,, (x]i)dx = czjh (6+xi)F (t—x)dx =

=c, iq,s ae ) (1 et X))dx:

s=1

Ge—a“

C, X

2
h, (0+x)dx—c,>_g.a.e

s=1
xievskxdx =c, [Rgu (6?|i)— R., (¢9+t|i)]—
0
1—e ™"

Vsk
t,ifv, =

O.—.r—r O ey —+

Jifvy, #0
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2 2
- 59 - St - SH
:CZZqise “ (1_6 “ )_szqisase “Tx
s=1 s=1

—oyt _ —agt
¢ ¢ Jfvg #0
Xy vy = (27)
e ifv, =0
2
Z qise—asa |:(l— gt ) _ bsk (t):|
s=1
= 2 y
ZQiseiase X
s=1
1 ﬂ(e“‘kt —e ) if 1y %0
sk T He e (28)
o te™if uy, =0
My =0 —
For these cases one can determine sampling intervals
T, (6.i),i=0;3 following the equation
R (T,uk,0fi)=» (29)

In order to find the reconstruction algorithm it is necessary to
determine pdf for the transition time moment 7, . Following

[13], one can write
w,, (t)=c,hy, (tfi)R (T, —t),0<t<T, T, =T, (6,i)Using
expressions (21), (25), we obtain

2
WuF(t) 9 32 isas sl _#i(t7a—‘< < u (30)
s=1
(i,k=0;3).
The normalizing coefficient c, is determined by
Ty 2
¢, = I My (LR (T, —t)dt =" g6’ x
0 s=1
_ o HxTy 31
178 ™ it u, <0 (D
x ;usk
T,.if g =0

On the basis of (30) and (31) one can find the expression for
two initial momemts m (u,k),1=12 :

Ty 2
m, (u,k) = _[t'wuk (t)dt=c, > ga.e ™™ x
0 s=1
|
|:1_ e*ﬂskTu z (lUS_k;ru )
i=0

11
1+1

£ if =0,k=0;3,1=12
|+1 /usk

1+1

x /usk

}ﬁyw¢0 (32)

V. EXAMPLE

In order to illustrate the influence of staying interval in the
state u on the SRP, it would be better to choose different

values of ¢, and «, (for instance, o, =kea,,k >1). Besides
this, it is better to choose p,, =1-¢,p, =1-¢,; &,&, <1.
Then the intensities of the initial processes can be written:

A = k(l—gz)h,yo =keh, 4, = (1_51)hu“1 =gh
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here h is a positive constant. Let us put:

k=5¢ =¢,=0.1h=2c, then we have

Por = 0.1, p3; =0.9,py, =0.9, p;, =0.1,

o, =9.2C,a, =2.8¢,¢, =10c, 0, = 2¢

Putting ¢=1/56 we obtain the following values of staying
times:

T,,=56T,=61T,=20,T,, =28
The average staying time in the state u depends on the
previous state: if the process realization comes into z, from

Z,, then T,(z,)=18.6; if the process realization comes from
z, then T,(z,)=7.4.1n
Fig. 6 two conditional pdf f, (t|z),i=0;3 are presented.

0.15
fu(t,0) 01
fu(t,3
Tult-3) .05 \E‘&l;
N?:"\::-‘_'_'"_‘—'—s—..
00 10 20 30 40
t

wl L
|II'I|' \\'
0.0z E" i H“*\ ;
[ R
' 10 ;A0 0

Fig. 7a. Pdf of the sum (11).

As one can see the distribution of the staying time in the state
u are different depended on the previous state: the curve 1
corresponds to the state z,; the curve 2 corresponds to the
state z,.

In Fig. 7a two pdf (13) for the sum (11) are shown. These
curves correspond to states z, and z,. Fig.7b illustrates the
initial parts of the corresponded distribution functions (10).
The graphs of the time length T, (6,i,k") in the state u as a

function of the staying time @ with a different previous states

217
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i=0; 3 are given in Fig. 8. The worst future state is k™ =0
because T, <T,.

L./ ,/
‘_/ ) I 3
o

4

e

[ 2 ‘
( A P 4

Fig. 7b. Distribution functions.of the sum (11).

Let us choose the required probability of a state omission
y =0.02. The investigated realization f(t) is the consequence

of states z,=0, u=1.5, z;=3, u=1.5, z;=3. We put the initial
value §(t0 = O) =0. The concrete corresponding random
staying times are equal: 5.1, 15, 21.1, 5.2.

I
e ]
_p--""f
fu
n - - p— — - _
1 10 Al 6 At 40 S0

Fig. 8. Time length Tu(H,i,k*) in the state u.

Calculations of the sampling intervals T, and T, (z;) are

characterized by the following results:
1) Ty=21; T;=302. 2) T,(z)=2.11, 2.15, 2.18, 2.21,

2.23,2.25, 2.26; T, (2;) =1.34, 1.35, 1.36.

In Fig 9, one realization of the process f;(t)is presented.

Besides this, there are some samples designated by crosses. As
one can see, the sampling intervals A(z,) and A(z;) are

constant and they do not changed in time because both pdf of
the staying times are exponential. But the intervals are
different, because they depend on pdf of staying times in
considered and future states. The intervals in the state u are
different as well and they are changed in time. However this
dependence is rather small. This effect is determined by
previous state z, or z; and by the conditional pdf of the
staying times.

In order to describe reconstruction points and to estimate the
reconstruction error it is necessary to determine the
conditional pdf of the jJump instant time between two neighbor
samples.

V. OTHER ARITHMETIC OPERATIONS

One can investigate SRP of realizations which form by a
multiplication and a division of two realizations of
independent BMP. The general situation is the same like we
have in the sum operation.

In the case of the multiplication we consider

st)=&(1)& (1) (33)
If Xy, #XY,, the process &(t) has four states and this

process is Markovian. If x,y, =Xy, , the process &(t) has

three states and this process is hon Markovian.
In the case of the division we consider

S(t)=4&(t)/&(1) (34)
The condition x,y, # Xy, means that the process £(t) has
four states and this process is Markovian. If x,y, = Xy, , the

process §(t) has three states and this process is non

Markovian.

The investigation method for the Markovian case is described
in n. 2 and in [5, 6]. The non Markovian case is the main
content of the presented paper.

o P N W b

0 10 20

t

30 40 50

Fig. 9. One realization of the sum process and the set of samples
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VI. ABOUT THE APPLICATION OF OBTAINED RESULTS

The above considered process formed by the arithmetic
operations can be applied in the description of the
mathematical model of random fields with jumps [14]. This
field is formed in following manner: we fix two realizations of
different BMP along each axis. A brightness of any point of a
field can be determined by the arithmetic function

—g(§1,(§2) of BMP realizations. This field is

characterized by four (or three) states. It is clear that this field
is non Gaussian. It is possible to find the principal
characteristic of such field — its space covariance function. Let
us restrict by the case of four numbers of states. Then the
general expression for the space covariance function is
determined by the formula:

K(AxAy)= 3 ¥ g(x.,y)g(xl,yk)

X X[ Yy

2 (35

XP(Xi,yjinnyliiAX,Ay)— X_Zy_ Q(Xi,Yj)P(Xi:Yj)
Y]

where

AX,Ayare the distances between XX/ and y;,yg
correspondingly; P(+) is the probability of correspondent
random variables.

Because & (t) and & (t)are independent, it is sufficiently to
know the probabilities P(xi,x|,Ax),P(yj,yk,Ay), P(%),
and P(y;). These probabilities can be found from the

solution of the system of Kolmogorov's differential equations
for the Markovian chains with continuous time. We have

following results for the process & (t):

2
P (Xo, X5, AX) =%(l_e—ﬂxmx\)+%e—ﬂxmx\ (36)
X

X

P (Xo: X{, AX) = P(Xq, X5, AX) = //110221(1 e—MAx\) 37

X

2
P (X, X, AX) :%(1_6—1X\Ax\)+%e—zxmx\ (38)
X

X
where 4, =45+ 4
Putting Ax =0, from (36) — (38) we obtain

P (1) = 74P (1) =2 )

The corresponding expressions for probabilities of the process
&, (t) can be written by the change letters “ 4 into “ 2™ with

corresponding indexes.
Taking into account (35) — (39), one can obtain the general
expression for the space covariance function:

K (A%, Ay) = (Autty) {[g2 (X, Yo) + 9% (X0, Y1) |
(e 2 uoan + & M g 4 1y )+

+[ 0% (% ¥0)+ 9° (%, yl):|( I 2 ot + 1) +
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A
+29 (X0, ¥0) 9 (X0, Y1) e yui Mty + 7y ( el y‘—l)}r

++29 (X, o) 9 (X0 Yo [ lx\AXuﬁgﬁM 1y, ( AX\AX\_l)}F
+2[9 X0, ¥0) 9 (X1, Y1)+ 9 (X0, Y1) 0 leyo)]}/xyx
(1 eHy‘AV‘ AX\AX\) 29(Xo yl)g(xl’yl)[ lX\Ax\Mzﬂo/ll_i_

+
2 o AyIM 5 2 —nyldy|
+29 (X4, ¥0) 9 (%0, V1) A oty + 7,y € 1)}
(40)

where 7, = Joiyugpe I

The formula (40) is principal for the calculations. Below we
give the final expressions of the space covariance functions for
all arithmetic operations.

D) c(t)=at)e()
K(AX'Ay)Z/;O_/?(Xo _Xl) o~ AxIAx] +y.;;211(y0 B Y1)2 oyl

X X

(41)
2 sM)=al)a()
K (0,89) = (et ) | ot (o =31)" (0o + o) €1+

~Ax| A%

+A0 (X = %o )2 (Yot + Vit )2 € + Aoy o iy %

X(yl _ yo )2 (Xl _ XO )2 e‘ﬂvx‘AX\—/‘y\AY\ ]

(42)
3 £()=a(t)/&(1)
1 1 ?

K (Ax,Ay)= (lxyy)fz {%M(Xo%JFXMo)Z [y—o—zj x

xe ”yAy+ﬂoﬂu(;ﬁ 'L;Oj( —Xo)ze_AX‘AxuﬂoﬂuﬂoMX(“)
o N

2
X{i_ij (% xg ) eI |

Yo N1

One can find the expressions for the space power spectra
S(e,, @, ), which is determined by the formula

S(my.0,)=[]K(Ax,Ay)e d(Ax)d (Ay) (44)
Let us specify the formula (44) for the covariance function
(42):

S(wX'Q)Y) (Xﬂy) [ﬂﬂﬂi yl)z(xl/loJrXo/ﬁ)X

—(wax+wyAy)

2u 22
— s oA (% = %) (Yot + Yatto)' —5—2—
,uy + a)y A+ oy
A, py

/?.XZ + a)xz)(,uyz + a)yz)

X+

+ Ao tio i (X — Xo)2 (yi— YO)2 (
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It is quite possible to obtain corresponding expressions for
other variants of covariance functions.

We note that mathematical models found on the basis of some
arithmetic operation with BMP provide a great possibility to
change their features owing many parameters. The SRP of
random processes and random fields on the basis of BMP can
be described using results of the present paper.

VII. CONCLUSION

In the first time a sampling problem of special realizations is
solved. These realizations are formed by the arithmetic
operation with two binary Markovian processes. The
Markovian and non Markovian cases are investigated. The
algorithms for choosing intervals are obtained. One rather
important variant of the application of such processes in the
random field model is given.
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