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Mathematical Modeling of Fuel Cell Cathode with
High Temperature

S. Srimongkol, S. Rattanamongkonkul, A. Pakapongpun, S. Pleumpreedaporn, D. Poltem

Abstract—In this paper, the study of fuel cells is briefly reviewed.
To reduce the cost, the mathematical modeling is an essential tool
to study the behavior of fuel cell. Various mathematical models
are used to investigate the performance of various fuel cells. Thus,
the investigation of mathematical modeling of fuel cell cathode is
crucial. The model is coupled the equations for electron transport,
the Maxwell-Stefan equation, and Darcy’s law for flow in porous
media. The numerical results is used the high temperature, 1273K.
The numerical results of the fuel cell cathode are examined using
finite element method. The mass fraction of oxygen, velocity field,
and electric potential are presented. It is showed that the mathematical
model is able to model the high temperature fuel cell cathode.

Keywords—Electron transport, Mass transport, Maxwell-Stefan
equations, Fuel cell cathode, Mathematical modeling, Numerical
method.

I. INTRODUCTION

IN recent years, there has been number of publications
in the development of fuel cells. Due to the limit of

fossil fuel, petroleum products are not going to supply the
increasing global demand. Pollution and global warming are
also the crutial problems. Transportation and fuel combustion
are the main sources of air pollution [2]. Therefore, the alterna-
tive renewable energy technologies have been main impetus.
Biofuels, wind power, solar energy and nuclear energy are
examples of alternative renewable energy [3], [18]. Fuel cell
is the low level emissions which is a possible solution of this
problem [29], [19], [4], [23], [6], [7].

Fuel cell is a device which converts the energy from fuel to
electrical power and produces water as its byproduct. The fuel
cell system is flexibility in sizing and the operation is quiet.
There are six main types of fuel cell: alkaline fuel cell (AFC),
phosphoric acid fuel cell (PAFC), molten carbonate fuel cell
(MCFC), polymer electrolyte membrane fuel cell (PEMFC),
direct methanol fuel cell (DMFC), and solid oxide fuel cell
(SOFC) [12], [17]. SOFC is the highest operating temperature
as shown in TABLE I. Advantages of high operating tem-
perature are high energy conversion efficiency, flexibility of
fuels, high temperature exhaust gas. Disadvantages are thermal
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Fig. 1. Planar SOFC structure.

fatigue failure of the fuel cell material and the thermal stress
which is induced by cell temperature fluctuations. During the
last two decades, the number of SOFCs research papers has
been dramatically increasing [17], [14]. Tubular and planar
SOFCs are the most popular designs [23], [14], [27], [10],
[30], [5], [28].

TABLE I
APPROXIMATE OPERATING TEMPERATURE OF FUEL CELLS.

Fuel Cell Operating Efficiency (%)Temperature (K)
AFC 323–373 50–70
PAFC 448–493 40–45
MCFC 873–923 50–60
PEMFC 333–373 40–50
DMFC 323–393 25–40
SOFC 923–1273 50–60

SOFCs are used for mid- to large- scale applications. Cur-
rently, most types of fuel cells are considered for automobiles
and stationary power plants. Normally, the physical property
of the fuel cell consists of an electrolyte layer in contact with
a porous anode and a cathode on either side. The configuration
of single cell planar SOFCs is shown in Fig. 1. The SOFCs
electrolyte is a layer of ceramic material with high-temperature
endurable porous media electrodes. A mixture of zirconium
oxide, calcium oxide forms a crystal lattice, and other oxide
combinations have also been used as SOFCs electrolyte.

SOFCs are flexible for the use of fuels. Several hydrocar-
bons and carbon monoxide (CO) can be used as fuels. When
using hydrogen fuel, the chemical reactions of the SOFC [17]
are as follow.

At anode side of SOFCs, reaction of the input hydrogen and
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with oxygen ion produces water and electron,

H2 + 2O2− → 2H2O + 4e−,

at cathode,
O2 + 4e− → 2O2−.

The cell reaction is

O2 + 2H2 → 2H2O.

In 1838, the basic principle of the fuel cell was found by
Friderich Schnbein. In 1950, Francis Bacon demonstrated the
first 5kW alkalinahoe fuel cell. In 1970, 12 kW alkaline fuel
cell was developed. In the mid-1960s, the fuel cell research
work was focused on the development of various fuel cells for
stationary powers and transportation [12]. Yakabe et al. [33]
constructed a three-dimensional mathematical model for a pla-
nar SOFC. In the single-unit model of SOFCs, the concentra-
tions of the chemical species, the temperature distribution, the
potential distribution, and the current density were computed
by using governing equations which consist of the mass and
momentum conservation, the enthalpy conservation equation,
the mass balance of the total gas, and enthalpy balance. The
numerical results showed that the stream reforming generated
internal stresses about 10 MPa in an electrolyte. They also
found that the co-flow pattern reduced the internal stresses.

Hussain and Dincer [16] had developed a mathematical
model to predict the performance of planar solid oxide fuel
cell. Their model can apply both pure hydrogen and reformate
composition such as water, methane, carbon dioxide as a fuel.
By using finite-volume method, they found that the anode
concentration overpotential in an anode-supported SOFC is
about four orders of magnitude smaller than the anode ohmic
overpotential at the reaction zone layers.

The performance of hybrid power systems, solid oxide fuel
cell and gas turbine, is shown that the system with internal
reforming gives better efficiency and power capacity than the
system with external reforming under the same constraints.
Air bypass after the compressor and additional fuel supply to
the turbine side were used to examine the effect of matching
between the fuel cell temperature and the turbine inlet tem-
perature on the hybrid system performance. When the cell
temperature difference becomes smaller, the hybrid system
performance degrades [35].

Ho et al. [14] presented a numerical model for a planar
SOFC with mixed ionic-electronic conducting electrodes. In
the composite electrodes and through the electrolyte mem-
brane used an algorithm for Fickian diffusion in the commer-
cial package Star-CD. The model describes the conservation of
mass, momentum, energy, and chemical and electrochemical
precesses. The results show the concentration of chemical
species and the distributions of temperature and current density
in an anode-supported SOFC with direct internal reforming.

A mathematical model for a planar solid oxide fuel cell
coupled electrochemical kinetics, gas dynamics and transport
of energy and species. The analysis has been performed by
the use of an program which used to understand the effects of
various parameters on the performance of SOFCs. Polarization
curve, velocity and temperature fields, species concentration

and current distribution in the fuel cell depending on fuel cell
temperatures and electrolyte materials were predicted using
the model. Operating temperatures of the fuel cell which are
773, 873, and 1073 K were used in the investigation. The
result was shown that the anode-supported solid oxide fuel
cells with YSZ electrolyte obtained a high power density in
the higher current density than the YSZ electrolyte-supported
solid oxide fuel cells [25].

A PEMFC is also a clean energy which is fed with hydrogen
and oxygen or air. Behavior of PEMFCs depends on a number
of parameters such as temperature, pressure and humidity
[20]. Qianpu Wang et al. [32] studied the mathematical model
of PEMFC. The model can use to consider the kinetics of
oxygen reduction, proton transport , the oxygen diffusion,
and the dissolved oxygen diffusion with limit of oxygen
diffusion control, proton conductivity control, and mixture
control. Qiangu Yan and Junxiao Wu [34] used the numerical
model to obtain a geometric description of the active layer. The
model is based on the microstructure of the catalyst layer. The
result indicates that platinum particle size, platinum loading
and ionomer thickness effect local mass and charge transport
in the PEMFC catalyst.

Sadiq Al-Baghdadi [19] studied fluid flow in PEMFCs to
simulate stress distribution under the humidity and temperature
effects. The results indicate that nonuniform stress distribution
during cell operation cause cracks and pinholes in the fuel cell
components. N. Akhtar, and P.J.A.M. Kerkhof [1] developed a
numerical model of a PEMFC cathode with a tapered channel
design to examine the dynamic behavior of liquid water
transport. The level-set method using in COMSOL 3.5a, a
commercial finite element method software, was used to track
the liquidgas interface. The results showed that when airflow
velocity is increased, water exhaust is reduced in tapering the
downstream channel. There are a number of research about the
use of catalysts for both the fuel oxidation at the anode and
oxygen reduction at the cathode [24], [8], [26]. To reduce the
costs associated with Pt cathode catalysts, non-precious metal
catalysts is alternate [24].

Ni et al. [23], [22] developed mathematical model to study
ammonia fed and methane fed SOFCs. Parametric analysis
showed that all the overpotentials decreased with increasing
temperature. Garcia-Camprubi et al. [11] showed the model
and algorithm to simulate mass transfer between a channel
and its electrode. By using OpenFOAM, an open source finite
volume method based CFD tool, the model had been validated
both planar and tubular SOFC by comparison between the
experimental data and the model result.

Wang et al. [31] developed a mathematical model associated
with the microfluidic fuel cell cathode operation. The model
is investigated for four regions; gas channel, gas diffusion
layer, catalyst layer and electrolyte microchannel. Microflow,
species transport, charge transport is solved. It is found that the
internal transfer resistance decreases with increasing catalyst
layer porosity.

Mathematical models of fuel fed- solid oxide fuel cells are
developed [9], [22], [23], [21], [15], [13]. G. Nahar, , K.
Kendall [21] have formulated biodiesel as fuel for internally
reforming solid oxide fuel cell. The best performance was
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Fig. 2. Computational domain consists of reactive and electrolyte layers.

found by using 20% ethyl formulation in terms of life of the
cell but 50% methyl ester formulations was the highest power
density. Ta-Jen Huang, Chen-Yi Wu, Chun-Hsiu Wang [15]
studied the reaction mechanism of propane internal reforming
in the SOFC. They found that propane internal reforming in
the SOFC is stable.

S.A. Hajimolana et al. [13] developed a dynamic model
of an ammonia fed-tubular solid oxide fuel cell. Diffusion,
inherent impedance, heat and mass transport, electrochemical
reactions, activation and concentration polarizations of elec-
trodes, and the ammonia decomposition reaction were taken
into account. Their results indicated that the inner cell tube
diameter had the strongest effect on fuel cell efficiency and
the influence of cathodic porosity on fuel cell performance is
higher than that of the anodic porosity.

The mathematical model in fuel cell is an important tool
to study the behavior inside the fuel cell. There are numerous
mathematical models for fuel cells but still have to develop
for the various investigations. In this paper, the mathematical
model for fuel cell cathode is presented. The high temperature
is taken into account in the numerical solutions.

II. MATHEMATICAL MODELING

The mathematical model of fuel cells is a system of equa-
tions which described the behavior of the fuel cells. Various
mathematical models are used to investigate the performance
of fuel cells. The numerical result of the fuel cell cathode is
examined using finite element method. The model is coupled
the equations for electron transport, the Maxwell-Stefan equa-
tion, and Darcy’s law for flow in porous media [14], [17].

A. Governing Equations

Computational domain used to study fuel cell is shown in
Fig. 2. It consists of reactive and electrolyte layers. Govern-
ing equations consist of several equations. The ionic current
balance in the cathode is governed by the following equation,

∇ ·
(
σeff
l ∇ϕl

)
= −Aict (1)

where σeff
l is the effective electrolyte conductivity (S/m), ϕl

is the electrolyte potential (V ), A is surface area, and ict is the

local charge transfer current density (A/m2). The ionic current
balance in the electrolyte between cathode and cathode is

∇ · (σl∇ϕl) = 0 (2)

where σl is the conductivity of the electrolyte (S/m). The
electronic charge balance in the electrode subdomain is gov-
erned by

∇ ·
(
σeff
s ∇ϕs

)
= −Aict (3)

where σeff
s is the effective conductivity in the solid phase

(S/m), ϕs is the solid phase potential (V ). The local charge
transfer current density which is used to couple current bal-
ances and mass balances is as following

ict = i0

[
eϕ − cO2

cO2,ref
eϕ
]
, (4)

ϕ =
0.5F (ϕs − ϕl −∆ϕeq)

KT
,

where ∆ϕeq is the equilibrium potential difference (V ), F is
Faraday’s constant (As/mol), K is the gas constant (J/(mol ·
K)), T is the temperature (K), and cO2 is the concentration
of oxygen (mol/m3)

The mass transport is given by the Maxwell-Stefan equation,

∂

∂t
(ρωi) +∇ · (ρVωi) +∇ · Ji = Sai (5)

for oxygen and water in the gas phase where ωi is the mass
fraction of species i, Ji is the diffusive mass flux of species i,
and Sai is the additional species source. Assume that the air
is saturated, the reaction produced no water vapor. The porous
media is governed by the Darcy’s law and mass conservation
equation,

V = −kp
ν
∇p (6)

∇ · (ρV) = S (7)

where V is the velocity vector, kp is the permeability (m2),
ν is the viscosity (Pa · s), p is the pressure, ρ is the density,
and S is the source term. The equations (1), (3), (5), (6), and
(7) used in the reactive layer and equation (2) used in the
electrolyte layer.

B. Boundary Conditions

To solve the system of equations 1-6, the appropriate
boundary conditions are applied. There are 12 boundaries of
the domain as shown in Fig. 3. Γ1 is the gas inlet, Γ2 is the
top near Γ1. Γ3−Γ6 are side boundaries of the reactive layer.
Γ7 − Γ10 are the side boundaries of the electrolyte layer. Γ11

is the interface between reactive layer and electrolyte layer.
Γ12 is the bottom of the domain.

The boundary conditions for the ionic current balances are
insulating at boundaries Γ1 − Γ10,

n ·
(
σeff
l ∇ϕl

)
= 0. (8)

At Γ11 the ionic potential is

ϕl = ϕ0. (9)
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Fig. 3. Computational domain with boundary labels

The boundary condition for the electronic current balance
are insulating except for the boundary Γ2

ϕs = 0. (10)

The boundary condition for the species balances are insu-
lating on boundaries Γ2 − Γ6, Γ11

n · ni = 0 (11)

where ni is the mass flux vector for species i, and n is the
normal vector to the boundary. The gas inlet (Γ2) is

ωi = ωi0. (12)

For the Darcy’s law, boundary condition for all boundaries are
insulating

n ·
(
−kp

ν
∇p

)
= 0 (13)

except for Γ1

V = V0. (14)

III. NUMERICAL RESULTS

A. High Temperature Model

Fig. 4. Mesh of computational domain consists of 3,026 tetrahedral elements

Computational mesh generated by commercial package,
COMSOL Multiphysics, consists of 3,026 tetrahedral elements
is shown in Fig. 4 By using the finite element method, the

Fig. 5. Slice plot of mass fraction of oxygen at 1273 K.

Fig. 6. Cross section of mass fraction of oxygen at 1273 K

numerical result is obtained. The temperature using in the
numerical model is 1273 K. The three dimensional result of
mass fraction of oxygen is shown in Fig. 5. The result of cross
section of the mass fraction of oxygen in Fig. 6 shows that
mass fraction in the reactive layer gradually increase from the
left to the right side of the fuel cell. Thus, the concentration of
total potential drop over the domain. The highest concentration
of oxygen is on the right side of the fuel cell. The highest value
of the oxygen mass fraction is 0.145.

Fig. 7. Cross section plot of velocity field at 1273 K.

Fig. 7 shows the velocity in the fuel cell. The velocity peak
is at the interface of the inlet. The three dimensional result of
electric potential is shown in Fig. 8. Fig. 9 shows the surface
plot of electric potential. The highest one is at the electrolyte
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Fig. 8. Slice plot of electric potential at 1273 K.

Fig. 9. Cross section plot of electric potential at 1273 K.

B. Temperature Variation

Fig. 10. Three dimensional isosurface plot of mass fraction of oxygen at
873 K.

To study the effect of temperature on the fuel cell cathode
the temperature 873, 973, 1073, 1173 and 1273 K were in-
vestigated. Since SOFCs have operating temperature between
923–1273 K as shown in TABLE I, investigated temperature
is chosen for those values. Fig. 5 - Fig. 19 are shown three
dimensional mass fraction of oxygen and electrical potential at
temperature 873, 973, 1073, 1173 and 1273 K, respectively.
The maximum of mass fraction of oxygen is around 0.144

Fig. 11. Three dimensional isosurface plot of electric potential at 873 K.

at all temperature but for the minimum of mass fraction
of oxygen depends on temperature. When temperature is
increased, the minimum temperature is also increased. The
maximum values of electric potential are 0.185, 0.186, 0.187
and 0.188 V . The values have changed very little. On the other
hand, the minimum values of electric potential are gradually
increased when temperature is increased. The minimum values
are 0.088, 0.105, 0.122, and 0.154 V when the temperature is
increased from 873 to 1273 K, respectively.

Fig. 12. Three dimensional isosurface plot of mass fraction of oxygen at
973 K.

Fig. 13. Three dimensional isosurface plot of electric potential at 973 K.
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Fig. 14. Three dimensional isosurface plot of mass fraction of oxygen at
1073 K.

Fig. 15. Three dimensional isosurface plot of electric potential at 1073 K.

Fig. 20 shows the line plot of electric potential in reactive
layer with 5 different temperature. It is clear that electric
potential is increased when temperature is increased. Fig. 21
shows the line plot of electric potential in electrolyte layer.
It is clear that the pattern is as same as in the reactive layer.
The value is between 0.186–0.189 V . The comparison of mass
fraction of oxygen is shown in Fig. . As temperature increases,
mass fraction is increased in the left hand side of the fuel cell
and reach the same maximum value at the right hand side of
the fuel cell.

Fig. 16. Isosurface plot of mass fraction of oxygen at 1173 K.

Fig. 17. Three dimensional isosurface plot of electric potential at 1173 K.

Fig. 18. Three dimensional Isosurface plot of mass fraction of oxygen at
1273 K.

IV. CONCLUSION

Mathematical models of fuel cells are the system of equa-
tions used to described the behavior of the fuel cells. Various
mathematical models are used to investigate the performance
of various fuel cells. In this study, a mathematical model for
fuel cell cathode is investigated. The model is coupled the
equations for electron transport, the Maxwell-Stefan equation,
and Darcy’s law for flow in porous media. The numerical
results of the fuel cell cathode are examined using finite

Fig. 19. Three dimensional isosurface plot of electric potential at 1273 K.
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Fig. 20. Line plot of electric potential in reactive layer at temperature 873,
973,1073, 1173, and 1273 K.

Fig. 21. Line plot of electric potential in electrolyte layer at temperature
873, 973,1073, 1173, and 1273 K.

element method. The mass fraction of oxygen, velocity field,
and electric potential are presented. With high temperature, the
results indicate that the concentration of total potential drop
over the domain, the highest concentration of oxygen is on
the right side of the fuel cell, the maximum value of the mass
fraction of oxygen is 0.145 and the maximum value of electric
potential is in the electrolyte layer. The temperature variation
investigation is studied by using five different values which are
873, 973, 1073, 1173, and 1273 K. The higher temperature
gives higher electric potential and mass fraction of oxygen. It
is showed that the mathematical model is capable to model
the high temperature fuel cell cathode.

Fig. 22. Line plot of mass fraction of oxygen in reactive layer at temperature
873, 973,1073, 1173, and 1273 K.
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