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Effects of changes in some parameters on the
deterministic and stochastic dynamic
economic model with wealth and human
capital accumulation

Nicoleta Sirghi, Mihaela Neamtu and Dumitru Opris

Abstract—This paper analyzes a deterministic and stochastic
dynamic economic model with wealth and human capital
accumulation. The deterministic model is described and using the
numerical simulations we can notice that the stationary state is
asymptotically stable. The stochastic model is built and the mean
values of the linearized variables are proven to be asymptotically
stabile. We also examine effects of changes in the propensity to
receive education, efficiency of learning, and efficiency of education
upon dynamic paths of the system.

Keywords — deterministic dynamic economic model, economic
growth, education product, human capital, stochastic dynamic
economic model.

I. INTRODUCTION

Dynamic interdependence between economic growth and
human capital is currently a main topic in economic theory.
The deterministic model from the present paper was built by
Wei-Bin Zhang [1] and it is based on the three main growth
models — Solow’s one-sector growth model [2], Arrow’s
learning by doing model [3], and the Uzawa-Lucas’s growth
model with education [4], [5], [6]- in the economic growth
literature. The main mechanisms of economic growth in these
three models are integrated into a single framework. This
study models interaction between physical capital and human
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capital accumulation by taking into account Arrow’s learning
by doing, Uzawa-Lucas’s learning through education, and
Zhang’s learning by consuming. The aim is to combine the
economic mechanisms in the three key growth models -
Solow’s growth model, Arrow’s learning by doing model, the
Uzawa-Lucas education mode into a single comprehensive
framework.

The paper is organized as follows. Section 2 introduces the
deterministic model with wealth accumulation and human
capital accumulation. The model describes a dynamic
interdependence between wealth accumulation, human capital
accumulation, and division of labor under perfect economic
competition. The stationary state of the model is analyzed.
Section 3 introduces the stochastic model with wealth
accumulation and human capital accumulation. The square
mean value of the stationary state is studied. In section 4, we
simulate the model to show effects of changes in some
parameters on the economic system. Section 5 concludes the
study.

II. DETERMINISTIC BASIC MODEL

Economy has two sectors: the production sector and the
education sector. It is assumed that there is only one (durable)
commodity in the economy under consideration. Households
own economic assets and distribute their incomes to consume
and save. Production sectors of firms use inputs such as labor
with varied levels of human capital, different kinds of capital,
knowledge and natural resources to produce material goods or
services. Exchanges take place in perfectly competitive
markets. Factor markets work well; factors are inelastically
supplied and the available factors are fully utilized at every
moment. Saving is undertaken only by households. All
earnings of firms are distributed in the form of payments to
factors of production, labor, managerial skill and capital
ownership.

In what follows, a homogenous and fixed population
denoted by N is considered. The labor force is distributed
between the two sectors. Commodity functions as numeraire,
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taking into account that all the other prices being measured
relative to its price. The wage rates are assumed to be identical
among all professions.

The following notations are used [1]:
F;(t) — the output level of the production sector at time t,
K(t) — the level of capital stocks of the firm,
H(t) — the level of human capital of the population,
Ni(t) and K;(t) — the labor force and the capital stocks
employed by the production sector, respectively,
No(t) and K,(t) — the labor force and the capital stocks
employed by the education sector, respectively,
T(t) and T,(t) — the work time and the study time, respectively,
p(t) — the price of education (service) per unit of time, and
w(t) and r(t) — the wage rate and the rate of interest,
respectively.
The total capital stock K(t) is allocated between the two
sectors. The full employment of labor and capital are given by:

K (1) +Ko()=K(1),

N (D)+N(t) = N(b)
(1)
where N(t)=T(t)N, and N(t) represents the total work time of
the population.
The relations (1) can be rewritten as

0 (Dk; (Hn2(Dkx(D)=K(t),

n(H)+ny(t)=1 2
in which

ki (1)=K (t)/Ny(t),

n; (=N, ()/N(), (3)

k(=Ko (t)/Ny(0),
(=N ()/N(1).
In [1] production is assumed to combine ‘qualified labor
H™ ()N, (t) capital K,(t). The
conventional production function is described by a
relationship between inputs and output. The function F(t)
defines the flow of production at time t. The production
process is defined by:
Fi(0=A K} (0) HON() ™1
where A], al’Bl > 0, o +B1 =1.

Markets are competitive; thus labor and capital earn their
marginal products, and firms earn zero profits. Both the rate of
interest and the wage rate are determined by markets.
Therefore, r(t) and w(t) are given at each point of time for any
individual firm.

The variables K;(t) and Ni(t) are chosen to maximize the
production sector’s profit. The marginal conditions are given
by:

r(0)+8) = 0y (/K (0) = oy A H™ ey ()71

force’ and physical

4)

&)
w(t) =By (1)/N; (1) = B A H™ K (1)
where J, is the depreciation rate of physical capital.

In [1] there are three sources of improving human capital,
through education, “learning by producing”, and “learning by
leisure”. Arrow first introduced learning by doing into growth
theory [2]; Uzawa took account of the tradeoffs between

investment in education and capital accumulation [3], and
Zhang introduced the impact of consumption on human
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capital accumulation (via the so-called creative leisure) into
economic growth theory [7]. The human capital dynamics is
given by:

dH(t)/dt = v, F32 ()(H™ ()T, ()N )2 /(HPL ()N ) +

+ VlFlal () /(HP2 (H)N) +v3c®3 (1) /(HP3 ()N) -8, H(t)  (6)
where 6,>0 is the depreciation rate of human capital, v, v,, v3,
aj, ay, a3, by, a; are non-negative parameters. The signs of the
parameters p,, p; and p; are not specified as they can be either
negative or positive. The above equation is a synthesis and
generalization of Arrow’s, Uzawa’s, and Zhang’s ideas about
human capital accumulation.

The education sector is also characterized by a perfect
competition. Any government’s financial support for
education is neglected; however, it is important to introduce
the government’s intervention in education. The students pay
the education fee p(t) per unit of time. The teachers and
capital are paid with the market rates by the education sector.

The cost of the education sector is given by w(t)N,(t) +

r(t)K,(t).
The total education service is measured by the total education
time received by the population, T,N,. The production
function of the education sector depends on Kj(t) and N,(t).
The production function of the education sector is as follows

Fy (1) = ApK$2 ()(H™ ()N, (£)P2 (7
05,0, >0,0, +By =1, Ay, o, and B, are positive parameters.

The education sector maximizes the following profit
m(t) = (ALK I (OH™ (N2 ()P2 = (x(t) + 5K 5 (1)
~W(ON; (1)

For given p(t), H(t), r(t) and w(t) the variables K,(t) and
Ny(t) are chosen to maximize the education sector’s profit.
The optimal solution is given by:

1()+8; = o p(HF, (1) /K (1) =
=, A p(OH™2 (DK P2,

w(t) =Bop()F, () / N, (1) =
B2 A,p(HH™2 (DK 52

The demand for labor force for the given price of education,
wage rate and level of human capital is given by
Ny () =Ko (0B AH™2 (0/w()V 2 (9)
Consumers make decisions on choice of consumption levels
of services and commodities as well as on how much to save.
Different from the optimal growth theory in which utility
defined over future consumption streams is used, we assume
that we can find preference structure of consumers over
consumption and saving at the current state. We denote per
capita wealth by ks(t), where ks(t) = k(t)/Ny. According to the
definitions, we have k;(t) = T(t)k(t). Per capita current
income from the interest payment r(t)k;(t) and the wage
payment T(t)w(t) are given by:
y(O=r(Ok;(O+T(OW(D). (10)
In [1], y(t) is called the current income in the sense that it
comes from consumers’ daily toils (payment for human
capital) and consumers’ current earnings from ownership of
wealth. The current income is equal to the total output. The

®)
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total value of wealth that consumers can sell to purchase goods
and to save is equal to kj(t). The per capita disposable income
is given by
yi(t) = y(O)+ks()=
=(1+r(t)ks ()T wW(D). )
The disposable income is used for saving, consumption, and
education. At each point of time, a consumer would distribute
the total available budget among saving s(t), consumption of
goods c(t), and education p(t)T,(t). The budget constraint is
given by

c(®FsO+pOT2()=y1 ()=

= (I+r(t)ks()+T(O)w(b). (12)

The consumer is faced with the following time constraint

T(t)+TL(t)=T,
where T, represents the total available time for work and
study.

Thus, the budget constraint (12) becomes:
c(®)FsO+(pO+w(t) To()=ys(t)=
=(1+1(t))ks(t)+Tow(t) 13)

The consumers’ utility function is assumed to be a function

of level of goods c(t), level of saving s(t) and education
service T,(t). It is given by [7]:
U(t) = c5(0)s™ ()T}
EAN>0,E+A+n=1.
Maximizing U(t) in (14) subject to the budget constraint
(14) yields

(14)

c(t) = Ey(1),s(t) = Ly (1), (15)
(p(t) + w(t) T (t) = ny(t)

In what follows, the dynamics of the capital accumulation is
found. According to the definition of s(t), the change in the
household’s wealth is given by

dks(t)y/dt = L y(t)-ks(t).
For the education sector, the demand and supply balance
each other at any point of time
Ta2(t)No=F(1).
Taking into account that the production sector is equal to the
sum of the level of consumption, the depreciation of capital
stock and the net savings, we have
C(O)+S(t)-K(t)+ &, K(t)=F(t)
where C(t) is the total consumption, S(t) — K(t) + 8;K(t) is the
sum of the net saving and depreciation.
We have
C(t=c(t)No,
S(t)=s(t)Np.
Thus, the economic system can be described by the differential
system:
dk, (t)/dt=G (ki (1), H(D)),
dH(t)/dt= Gy(k,(t), H(t)) (16)
where the functions Gj(k;(t), H(t)) and G,(k(t), H(t)) are
functions of k;(t) and H(t) given by:

G (ky (1), H(t) = (MG (k; (1), H(1)) — Fy (k (1), H(1)) -
“F(ky (1), H(1)) = Fop (ky (1), H(1) - F(k (1), H(t)) +

+ Fy (ky (1), H(t)) - Fo (k (), H(1))) - G 5 (k () H(1)) -

- (Foy (ky (), H(1)) - F(k (1), H(1) + Fy (k y (1), H(1)) -
“Fo (ky (O, H() 7,
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G (ky (O, H®)) =G (k (), HO)+ Gy (k (1), H(1) +
+Gos(k (1), H(1) - 8;H(D),

F(k(t), H(t)) = k; (1) - ((oPy — 0 — Ak*2 ()HP2™ (1)) /
(o= 1)ankPL () /(A )P (1) - A2 7! 4 0 g0ry))

Fo (i (1), H(1)) = To (1 + ((0®2 A, H(1))P2™ 1 (1)/
(a—1DkP2))!

Gk (1), H(t)) = (8+ ot A HPI™ 0k P (0) F(ke(t), H(t)) -
“Fo (k(t), H(t) + ToP A HPI™ (1)K 1

Ga (ky (£), H(D)) = (vaN32 7021 A 9222 Rl (1), H(t)) -
— Ky (£)*2 (Ty — Fo (k (£), H(£)*2 Fy (k; (1), H(t))*2 -
,kl—azﬁz (t)Hmb2 +a2f2-p2 ()/(a.—1)22,

Gy (ky (6), H(D) = (v AN (aky (1) - F(k (1), H(£)))*! -
Fo (ky (£), H())k; “PTH™APIPL (1),

Go3(k (1), H(1) = v3ES NGk, (1), H() 3 H 3 (1),
We denote by

Ok (k1 (1), H(1))

For (ki (1), H(1) = =000 ’
Foy (k (1), H(t)) = w’

F (k1 (1), H(t)) = %)1%» .
F, (ky (1), H(1)) = W

and

a=0,P1/04B2,B=Py B, ap =(@-DE+L)
IAZOLOQ2 BIAZ(E;-’_;\’)

The stationary states are obtained by solving the system of
equations:

Gi(k;, H)=0,  Gy(k;, H)=0 (18)
Let (k o, Ho) be a solution of the system (18).
In this point, the linearized system (16) is:
dul(t)/dt: aruyg (t) + ajpuy (t) B
du(t)/dt=a, u () +asu,(t), (19)
where
_ 0Gy(kg,H) _ 0Gy(k1,H)
a1 =5 lkioHo)» 312 =75 lkyo Ho)
_ 0Ga(k1,H) _ 0Gy(ky,H)
a1 =5 ltkioHo)» 822 =1 ltkyo Ho) -
The characteristic equation is
x% —(aj; +ay)x+ajjan —ajay =0. (20)

If the roots of the equation (20) have the real negative part,
then the stationary state is asymptotically stable. The analysis
of the stability is done in the Numerical simulation section.
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III. STOCHASTIC BASIC MODEL

Let (Q, F,, P), be a given probability space and B( t)eR be
a scale Wiener process defined on Q having independent
stationary Gauss increments with

B(0)=0, E(B(t)B(s))=min(t, s).

The symbol E denotes the mathematical expectation. The
sample trajectories of B(t) are continuous, nowhere
differentiable and have infinite variation on any finite time
interval [8]-[13].

What we are interested in the effect of the noise perturbation
on the form the stochastic system:

dk; (1) = G (k; (1), H()dt + o, (k; (6) ~ K 9)dB(D)

dk (1) = G (ky (1), H(t))dt + o (H(t) — Hg)dB(t) (21)
where k;(t)=k;(t, ), Ht)=H(t, ®), ®0eQ
Linearizing (21) around the stationary state is:
duy(t=(ay 1y () +a10u5 () e+ oyuy (DAB(),  (22)

duy()=(asuy(t) +au, () )dtt oyu, (1)dB(Y),
To examine the stability of the second moment of u;(t), u,(t) for
the linear stochastic differential equation (22) we use Ito’s
rule.
We use the following notations:

Rip(t;s) = E(up(t)u;(s)), Ryp(t,8) = E(u(t)uy(s)),
Ryi(t,8) =E(up(t)uy(s)), Roy(t,s) =E(uy(Huy(s)).
From (22) we have:

dRy;(t,t)/dt =(2ay; + olz)Rll(t,t) +2a;,Ry5 (1)
dR,(t,t)/dt =(aj; +ay + 6,0, JRip(t,t)+aRo, (1,1) +
az Ry (t,0),

dR, (t,t)/dt = (225, + G% )Ry (1, 1) +2a1R 5 (t,1).

The characteristic equation of the system (23) is:
(2x2a;, —6%) (2x-2a,, — 03 )(2x-

(23)

2 2
—a]—ap) —0103) 2453, (4x 22 —2a) —6] —63) =0 (24)
If the roots of the equation (24) have a negative real part, then
the stationary state is asymptotically stable in the square mean
sense. If 6,= 6,= o, the equation (24) becomes:
2 2 2 2
(2x—aj; —ay —o7)@x” —4(a +ay +67)+(2a; +67)- 25)

2
"(2ap +07) —4a5371) =0
If 62 < (—a;; —ay,) then the characteristic equation has roots

with a negative real part. Then, the square mean values of the
variables are asymptotically stable.

IV. NUMERICAL SIMULATIONS

The numerical simulation was done using Maplel4. In what
follows we use the following parameters:

Te=1, 0,=0.3, 0,=0.34, 2=0.8, n=0.008, Ny=50000, m=0.6,
V1:2‘5, V2:O‘8, V3:O‘7, p1:0.7, p2:O.2, p3:0.1, 31:0.4, 3220.3,
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a;=0.1, b,=0.5, A;=0.9, A,=0.9, B;=1-04, Br=1-ap, 3;=0.05,
6220.04, 8:1-61' (26)
With these parameters we compute:
0=0f1/( ouB2), P=P2-P1, E=1-A, ap=(0-1) (E+1),
A=a", B Ay(EHM).
The graphics of the functions G; (k;, H)=0, G, (k;, H)=0
are given in Figure 1:

2 4 B =} 1

Figure 1. G, (k;, H)=0, G, (k,, H)=0

The stationary state is k;o = 8.0783, H, 1.1716. The
equation (20) has the roots x,=-0.017676, x,=-0.170120
Thus, the stationary state is asymptotically stabile. The orbits
(t, ki(t)) and (t, H(t)) are given by Figure 2 and Figure 3:

206
204
202

vl

THE A

T T T T
0 100 200 300
t

Figure 2 (t, k;(t))
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11715 t

T 1 20 4n B0 B0 00 120
1.1710 4 T
-4
w2 k i
-3
1.1705 i
2]
1.1700 . . . . . . ]
1] 1a0 200 300 i

t
Figure 3 (t, H(t))
In what follows we examine the impact of changes on the Figure 5 (t, AH(1))

dynamic processes of the system. Consider the case when all
the parameters, except the education efficiency parameter, A,, Secondly, we increase the production sector’s productivity
are the same as in (26). We increase the education efficiency from A;=0.9 to A;o=1.2. The simulation results are displayed
parameter from A; = 0.9 to A,y = 1.2. The simulation results in Figure 6 and Figure 7
are showed in Figure 4 and Figure 5. In the plots, a variable a 20 40 a0 20 100 120
Ax; (t) stands for the change rate of the variable x; (t), in ' ' '
percentage due to changes in the parameter value from A,
=0.9 (in this case) to A,y =1.20 than

AXJ' (t) = ((XJ (t, Az())-Xj (t, Az))*lOO/ Xj (t, Az)
(called relative estimation error).

—10 4

—20 4

t —30 4
.D. y IQIDI y Ifllﬂl » .E.D. L. .B.D. y .1.00. y .1.2.0
] ]
10
i - 50
204 — i
] Figure 6 (t, Ak,(t))
-30:
40 .
] o]
50 =]
il
Figure 4 (t, Ak (1)) =

Figure 7 (t, AH(t))

Issue 1, Volume 6, 2012 67



INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

It is important to examine effects of changes in the

=
household’s preference for education. We allow the propensity ]
to receive education to increase from = 0.008 to o = 0.014. 53
The simulation results are showed in Figure 8 and Figure 9 ~
t 3
0 20 40 B0 B0 00 120 3
] 2]
157 1
] =
27 ]
: G rrrrrrrrrrrrrrrrrrrrrrrrrrrrri
] 1 80 100 120
-2.57 11 t
,35 3
8] .
] Figure 10 (t, Ak(t))
-4
-4.59 8]
Figure 8 (t, Ak(t)) 7
: 5
] 51
1 ]
] t ]
1 20 40 0 80 100 120 Y
i 5]
-1 25
] R A S AL S RS ERLL
_2: .
_3} Figure 11 (t, AH(t))
-4

Using the Euler stochastic method, the orbits (t, k;(t, ®)),
(t, H(t, )) of the stochastic system (21) are obtained and they
are given in Figure 12 and Figure 13.

.34

Figure 9 (t, AH(t))

The effects of change in the population are showed in Figure
10 and Figure 11, where the population increases from Ny = ]
50000 to Ngo = 60000. 832

2.33

2.31

2.30

239

228

Figure 12 (t, k(t, ))
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1375 o

1.370
0.8 o

1365 o
1 0.6 o

1.360 0.4 -

] 0.2+
1355 o

T T T T
u] 100 200 300 <00 500

0 o e | 3 | w0 | sk
Figure 15 (n, AH(n, ®))
Figure 13 (t, H(t, »))
We now increase the production sector’s productivity from
A1=0.9 to A;p=1.2. The simulation results are displayed in

The characteristic equation (24) with o, =c, =0.1 has the ) )
Figure 16 and Figure 17

roots x;=-0.165120, x,=-0.088898, x3=-0.012676. The square
mean values of the state variables ki(t, o), H(t, o) are
asymptotically stable.

In what follows, we consider the stochastic case. Firstly, we
examine the case when all the parameters, except the education
efficiency parameter, A,, are the same as in (26). We increase
the education efficiency parameter from A, = 0.9 to Ay = 1.2.
The simulation results are showed in the figures 14 and 15. In
the plots, a variable Axj(n, o) stands for the change rate of the
variable x;(n, ), in percentage due to changes in the parameter
value from A, =0.9 (in this case) to A,q =1.20 than
Ax; (n, ®) = ((xj (n, ©, Ay)-Xj (0, ®, A))*100/ x; (n, , A).

o] T T T T T
o 100 200 300 400 00
34 Figure 16 (n, Ak, (n, ®))
24
a T T T T T
100 200 300 400 00
14 -0.32 A
~0.4
0 T T T T T
o 100 200 300 400 00
-0.6
Figure 14 (n, Ak,(n, ®))
-08 4
.

Figure 17 (n, AH(n, ®))

Issue 1, Volume 6, 2012 69



INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

The effects of changes in the household’s preference for

education are displayed in Figure 18 and Figure 19. In this

case the propensity to receive education increases from n = 0
0.008 to o =0.014.

B .

T T T T
100 200 300 400 s00

1.5

0.

T [T

Figure 21 (n, AH(n, ®))

T T T T
100 200 =00 400 00

o

Figure 18 (n, A ki(n, ®))
III. CONCLUSIONS

IDID I ZDIU I 30‘0 : 40 I 50‘0
This paper proposes a dynamic firm model with wealth and
human capital accumulation in the deterministic and stochastic
cases.

For the deterministic model the stationary state is analyzed.
0.4+ Using the stationary state, for the stochastic model, the square
mean values of the system variables are studied. In the
deterministic case, for different given values of the system
parameters we can notice that the stationary state is
asymptotically stable.

-0g In the stochastic case, the square mean values of the state
variables of the linearized system are asymptotically stable.
The numerical simulation enables the finding of the orbits
and other elements which characterize the system. We also
examined effects of changes in the propensity to receive
Figure 19 (n, AH(n, ©)) education, efficiency of learning and efficiency of education
upon dynamic paths of the system. Using the method from
this paper a similar analysis was carried out in [14]. Also, it
can be applied for discrete economic models with delay [15].

-02+

-0.6

The effects of change in the population have negative effects
on the living conditions, as proved in Figure 20 and Figure 21
where the population increases from Ny = 50000 to

N()() = 60000.
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