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Abstract--- The Angular Coordinate System is a new and 
original mathematical Coordinate System introduced by the 
author in the mathematical domain. It has own properties 
similar to other coordinate systems such as Cylindrical 
coordinate system, Cartesian coordinate system or any other 
coordinate system. The main goal of introducing this 
coordinate system is to describe the whole universe in 2D 
space using two angles only formed by the center of a unit 
circle of the universe. This new coordinate system is 
introduced also to facilitate the drawing of many complicated 
curves that are difficult to produce using the traditional 
coordinate systems. It has many applications in physics for 
example the unit circle can be considered as a black hole and 
we have to describe the formed universe according to this 
black hole using only two angles. In this paper a complete 
study is introduced for the new coordinate system and few 
examples are presented in order to give an idea about how to 
form and study curves in the Angular coordinate system. 
 
Key-words--- Angular coordinate system, two angles, unit circle, 
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I. INTRODUCTION 
N mathematics, there exist numerous coordinate systems in 
different spaces such as Cartesian coordinate system [1] [2], 

cylindrical coordinate system [3], Polar coordinate system [4], 
Bipolar coordinates [5], Elliptic coordinate system [6] and 
many others coordinate systems [7-11]. The main goal of 
introducing these systems was to facilitate the study of certain 
curves in each system and each system has its own properties 
and definitions that allow it to form an independent coordinate 
system. The most important coordinate system and the easiest 
one is the Cartesian coordinate system in which one can easily 
determine any point in the space by two coordinates (x, y). 
Some curves are easiest to be determined in some coordinates 
rather than others, for this reason we see a huge number of 
coordinates system that can be very useful in some cases. And 
also for this reason, the author introduced a new coordinate 
system named Angular coordinate system.  
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In mathematics, the Angular coordinate System is a new and 
original coordinate system introduced by the author in the 
mathematical domain. The main goal of this new coordinate 
system is to construct a new space based on two angles only. 
These two angles (ߙଵ,  ଶ) can determine the position of anyߙ
point in the Angular coordinate system 2D space similar to the 
Cartesian coordinate system in which every point has two 
coordinates (ܺ௣;  ௣ܻ). 
 
If we talk about the Cartesian coordinate system in 2D space, 
every point (P) has two coordinates, the first is horizontal 
coordinate (ܺ௣) which determine the position of the point (P) 
in the horizontal axis, the second is the vertical coordinate ( ௣ܻ) 
which determine the position of the point (P) in the vertical 
axis. The same principal can be applied on the Angular 
Coordinate system in 2D Space; every point has two 
coordinates (ߙଵ,  is the coordinate of the (ଵߙ) ଶ), the first oneߙ
point (P) from the center of the space (also called center of the 
unit circle), this angle is determined in degree or in radian (it 
will be explained in the following sections), the straight line 
that passes from the center of the space (the center of the unit 
circle) and passes by the point (P) form an angle with the 
horizontal axis called (ߙଵ). The second coordinate of the point 
(P) is also an angle named (ߙଶ) which is the angle of the 
formed tangent on the unit circle that also passes by the point. 
  
The two formed angles create a space measured only by these 
two angles instead of the linear coordinate system. So every 
point in the space has two angles (ߙଵ,  ଶ), every curve in theߙ
space depend on two angles which are also  (ߙଵ,  ଶ) so we canߙ
create curves by using these two angles for example ߙଵ =
ଶߙ2 + cos (ߙଶ).  
In the second section, a definition of the unit circle is 
presented. In the section 3, some applications in mathematics 
of the Angular coordinate system are presented. In the section 
4, Properties of the Angular coordinate system in 2D space are 
presented. In the section 5, Steps of study for a function in the 
angular coordinate system are presented. In the section 6, 
examples of applications are presented. And finally in the 
section 7, a conclusion is presented. 
 

II. DEFINITION OF THE UNIT CIRCLE 
The unit circle (refer to figure 1) is the center of the space 

formed by two angles (ߙଵ,ߙଶ), the formed space is outside the 
unit circle, which means we can’t find any point inside the 
circle. This can have many applications in physics to describe 
the universe and how the space is formed outside the black 
holes and stars. The radius of the unit circle is equal to “1” in 
this study but it can take any value depending on the usage for 
example it can take the radius of the Sun if we want to study 
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the objects that turn around it, it can take the radius of a black 
hole in order to study the objects around it and so on. 
 

 
Fig.1: represents the unit circle with two angles (ߙଵ,ߙଶ) and 
the point P outside the circle.  
 
In the figure 1, the straight line formed by the center of the 
unit circle (O) and the point (P) outside the circle is called 
“center line”, this line has an angle (ߙଵ) from the axis “OX”, 
the formed angle helps us to determine the position of the 
point (P) in the space. 
 
The line (O’P) formed by the point (O’) which is tangent on 
the unit circle and the point (P) in the space named “tangent 
line” forms a segment (OO’) with an angle (ߙଶ) from the axis 
(OX). 
 
The intersection of the “center line” and the “tangent line” 
form the point (P). So every point in the space is formed by 
the intersection of two lines “center line” and “tangent line”, 
which form two angles (ߙଵ,  ଶ). Therefore every point in theߙ
space is determined by two unique angles (ߙଵ,  ଶ). The curvesߙ
can be drawn by using one angle in function of the other one, 
for example ߙଵ = ଶߙ2 + ඥ(ߙଶ + 5). 
 

 
Fig.2: represents the unit circle with two angles (ߙଵ,ߙଶ) and 
the point P outside the circle.  
 
The angle (ܱܱ’෣ܲ ) is always equal to 900 as it forms the 
tangent line on the circle that passes on the point (P) and the 
point (O’). 
 

The angles (ߙଵ) and (ߙଶ) are always measured from the (OX) 
axis. 
 
The angle ൫ܱᇱܱ෣ܲ ൯ = ଵߙ −  .ଶߙ
 
Therefore, sin(ߙଵ − (ଶߙ = ைᇱ௉

ை௉
 

And cos(ߙଵ − (ଶߙ = ைைᇱ
ை௉

= ோ
ை௉

 
 
So the distance ܱܲ = ோ

ୡ୭ୱ(ఈభିఈమ)
    (1) 

the radius of the unit circle is known (equal to 1) so it is easy 
to determine the distance (OP) by knowing the two angles 
 .(ଶߙ,ଵߙ)
 
The angle ߙଵ is always greater or equal to the angle ߙଶ. 
If ߙଵ =  .ଶ then the point (P) is on the circleߙ
 
 0 ≤ ଵߙ − ଶߙ < 90଴     (2) 
 
A. Instrument made for Angular coordinate system 
We can make an Angular coordinate system as an instrument 
used to determine the distance of any point in the space by 
following these steps: 
- make a plastic plate as circular piece and put the angles on it 
as in the figure 3. 
- put two heads of laser, the first one is on the “center line” 
and the other one is on the “tangent line” as in figure 4. 
-in order to determine the distance of a point from the center 
we should turn the lasers on and center the lights of lasers to 
pass through the point (P) as in figure 5. 
-in the figure 5, we can read the angles (ߙଵ) and (ߙଶ) then 
determine the position of the point (P) and the distance (OP). 
Therefore ܱܲ = ோ

ୡ୭ୱ(ఈభିఈమ)
. 

If we take the figure 5, we consider that R=0.5m, and we read 
that ߙଵ = 26.2଴  and ߙଶ = −38଴  therefore ܱܲ = ோ

ୡ୭ୱ(ఈభିఈమ) =
଴.ହ

ୡ୭ୱ൫ଶ଺.ଶି(ିଷ଼)൯
= 1.148݉ and the point (P) has the following 

coordinates ܲ(ߙଵ;ߙଶ) = ܲ(26.2଴;−38଴) 
 

 
Fig.3: represents the unit circle made as an instrument.  
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Fig.4: represents the unit circle made as an instrument with 
two heads of lasers one on the “center line” and the other on 
the “tangent line”.  
 

 
Fig.5: represents how one can determine the position of a 
point in the space by the intersection of the beams of laser at 
the point (P).  
 

III. APPLICATION IN MATHEMATICS OF THE 
ANGULAR COORDINATE SYSTEM 

 
A. Distance between two points M and N in the 2D space 

Let’s consider two points in the space ܯ(ߙଵ;ߙଶ)  and 
 .(refer to figure 6) (ଶߚ;ଵߚ)ܰ
 

 
Fig.6: represents the distance between two points M and N. 
 
We can determine the distance between the two points using 
the angular coordinate system as the following: 
ܯܱ = ோ

ୡ୭ୱ(ఈభିఈమ)
      (3) 

and ܱܰ = ோ
ୡ୭ୱ(ఉభିఉమ)

    (4) 

The angle ܱܯ෣ܰ = ෣ܱܺܯ + ܱܺ෣ܰ = ଵߙ −  ଵ (5)ߚ
 
And ୱ୧୬(ெைே෣ )

ெே
= ୱ୧୬(ைெே෣ )

ைே
= ୱ୧୬(ைேெ෣ )

ைெ
       (6) 

The equation (6) is the relation of angles and segments inside 
the triangle. 
 
ଶܰܯ = ଶܯܱ + ܱܰଶ − 2 ∙ ܯܱ ∙ ܱܰ ∙ cos (ܱܯ෣ܰ )  (7) 
⇒ ଶܰܯ = ଶܯܱ + ܱܰଶ − 2 ∙ ܯܱ ∙ ܱܰ ∙ cos (ߙଵ −  ଵ) (8)ߚ
 
We replace the equations (3) and (4) in the equation (8) and 
we obtain 

ଶܰܯ = ൬
ܴ

cos(ߙଵ − ଶ)൰ߙ
ଶ

+ ൬
ܴ

cos(ߚଵ − ଶ)൰ߚ
ଶ

− 2ܴଶ

∙
cos (ߙଵ − (ଵߚ

cos (ߙଵ − ଵߚ) ଶ)cosߙ − (ଶߚ
 

Considering that 
ߙ = ଵߙ − ߚ ଶ andߙ = ଵߚ −  ଶߚ
Therefore: 

ଶܰܯ = ൬
ܴ

cos(ߙ)൰
ଶ

+ ൬
ܴ

cos(ߚ)൰
ଶ

− 2ܴଶ ∙
cos (ߙଵ − (ଵߚ

cos (ߙ)cos (ߚ)
 

 

ܰܯ = ܴට ଵ
ୡ୭ୱ (ఈ)మ

+ ଵ
ୡ୭ୱ (ఉ)మ

− 2 ୡ୭ୱ (ఈభିఉభ)
ୡ୭ୱ (ఈ)ୡ୭ୱ (ఉ)

  (9) 

 
The equation (9) is the equation of the distance between two 
points in the Angular coordinate system 2D space. 
 
B. Equation of a line in the Angular coordinate system in 2D 
space 

Considering the equation of a line in the Cartesian 
coordinate system such as ݕ = ݔܽ + ܾ . We have to convert 
this equation into the Angular coordinate system depending on 
angles. This can be done by using the following steps: 
 
Let’s consider a point (M) on the line, then ܯ ∈ ݕ  and  
ெݕ = ெݔܽ + ܾ 

 
Fig.7: represents the line ݕ = ݔܽ + ܾ and M is a point of this 
line. 
 
Considering the coordinate of the point (M) in the Angular 
coordinate system is ߛ)ܯଵ;  (ଶߛ
With ߛଵ = ෣ܯܱܺ  
Therefore, sin(ߛଵ) = ௬ಾ

ைெ
⇒ ெݕ = ܯܱ ∙ sin(ߛଵ)  (10) 

cos(ߛଵ) = ௫ಾ
ைெ

⇒ ெݔ = ܯܱ ∙ cos(ߛଵ)   (11) 
By replacing the equations (10) and (12) in the equation 
ெݕ = ெݔܽ + ܾ we obtain: 
ܯܱ ∙ sin(ߛଵ) = ܽ ∙ ܯܱ ∙ cos(ߛଵ) + ܾ   (13) 
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We have to determine the parameters ܽ and ܾ. So we consider 
two point also included into the line which are ܣ(ߙଵ;ߙଶ) and 
 The coordinate of the two point verify the equation .(ଶߚ;ଵߚ)ܤ
of the line so we can write the following equations: 

൜
ܣܱ ∙ sin(ߙଵ) = ܽ ∙ ܣܱ ∙ cos(ߙଵ) + ܾ                  (14)
ܤܱ ∙ sin(ߚଵ) = ܽ ∙ ܤܱ ∙ cos(ߚଵ) + ܾ                  (15)  

 
To find the parameter ܽ we subtract (15)-(14) and we obtain: 
ܽ = ை஻∙ୱ୧୬(ఉభ)ିை஺∙ୱ୧୬(ఈభ)

ை஻∙ୡ୭ୱ(ఉభ)ିை஺∙ୡ୭ୱ(ఈభ)      (16) 
 
In order to eliminate the “center lines”  ܱܣ and ܱ  we use the ܤ
equation (3) 
ܣܱ = ோ

ୡ୭ୱ(ఈభିఈమ) = ோ
ୡ୭ୱ(ఈ)     (17) 

ܤܱ = ோ
ୡ୭ୱ(ఉభିఉమ) = ோ

ୡ୭ୱ(ఉ)      (18) 
 
We replace the equation (17) and (18) in the equation (16) and 
we obtain: 
ܽ = ୡ୭ୱ (ఈ)∙ୱ୧୬(ఉభ)ିୡ୭ୱ(ఉ)∙ୱ୧୬(ఈభ)

ୡ୭ୱ (ఈ)∙ୡ୭ୱ(ఉభ)ିୡ୭ୱ(ఉ)∙ୡ୭ୱ(ఈభ)    (19) 
The equation (19) is the equation of the parameter ܽ 
 
To find the parameter ܾ we replace the equation (19) in the 
equation (14) and we obtain: 
ܾ = ܴ ୡ୭ୱ (ఉభ)∙ୱ୧୬(ఈభ)ିୡ୭ୱ(ఈభ)∙ୱ୧୬(ఉభ)

ୡ୭ୱ (ఈ)∙ୡ୭ୱ(ఉభ)ିୡ୭ୱ(ఉ)∙ୡ୭ୱ(ఈభ)
    (20)  

The following important formula (21) can be used 
sin(݉ − ݊) = cos(݊) sin(݉)− cos(݉) sin (݊)  (21) 
 
So, ܾ = ܴ ୱ୧୬ (ఈభିఉభ)

ୡ୭ୱ (ఈ)∙ୡ୭ୱ(ఉభ)ିୡ୭ୱ(ఉ)∙ୡ୭ୱ(ఈభ)   (22) 
The equation (22) is the equation of the parameter ܾ 
 
The equations (10), (11), (19) and (22) can be replaced in the 
equation  ݕெ = ெݔܽ + ܾ and we obtain, 
sin(ߛଵ) =
cos(ߛଵ) ୡ୭ୱ(ఈ)ୱ୧୬(ఉభ)ିୱ୧୬(ఈభ) ୡ୭ୱ(ఉ)

ୡ୭ୱ (ఈ)∙ୡ୭ୱ(ఉభ)ିୡ୭ୱ(ఉ)∙ୡ୭ୱ(ఈభ) +

cos (ߛ) ୱ୧୬  (ఈభିఉభ)
ୡ୭ୱ (ఈ)∙ୡ୭ୱ(ఉభ)ିୡ୭ୱ(ఉ)∙ୡ୭ୱ(ఈభ)    (23) 

 
Considering that 
 ܽଵ = ୡ୭ୱ(ఈ) ୱ୧୬(ఉభ)ିୱ୧୬(ఈభ)ୡ୭ୱ(ఉ)

ୡ୭ୱ (ఈ)∙ୡ୭ୱ(ఉభ)ିୡ୭ୱ(ఉ)∙ୡ୭ୱ(ఈభ)
= ܽ   (24) 

ܾଵ = ୱ୧୬  (ఈభିఉభ)
ୡ୭ୱ (ఈ)∙ୡ୭ୱ(ఉభ)ିୡ୭ୱ(ఉ)∙ୡ୭ୱ(ఈభ)

= ௕
ோ
    (25) 

 
Therefore the equation (23) will be as the following: 
sin(ߛଵ) = cos(ߛଵ)ܽଵ + cos (ߛ)ܾଵ    (26) 
 
The equation (26) is the equation of a line in the Angular 
coordinate system. 
 
The equation (26) can be simplified as the following: 
ୱ୧୬(ఊభ)
ୡ୭ୱ(ఊభ) = ܽଵ + ୡ୭ୱ(ఊభ) ୡ୭ୱ(ఊమ)ାୱ୧୬(ఊభ)ୱ୧୬ (ఊమ)

ୡ୭ୱ(ఊభ) ܾଵ  
⇒ tan(ߛଵ) = ܽଵ + ܾଵ(cos(ߛଶ) + tan(ߛଵ) sin(ߛଶ))  
⇒ ଵߛ = ଵି݊ܽݐ ቀ௔భା௕భ ୡ୭ୱ(ఊమ)

ଵି௕భ ୱ୧୬(ఊమ)
ቁ    (27) 

 
The equation (27) is the simplified equation of a line in the 
Angular coordinate system. 

 
B.1. Example of an equation of a line in the Angular 
coordinate system in 2D space 

Considering the equation of a line in the Cartesian 
coordinate system such as ݕ = ݔ − 8. 
 
We have to convert this equation into the Angular coordinate 
system depending on angles. This can be done by using the 
following steps: 
 
• Suppose that the point Q is included in the line and 
ܳ(5,−3), therefore the distance  
ܱܳ = √5ଶ + 3ଶ = √34 = 5.83095  

ଵߙ =

⎩
⎪
⎨

⎪
⎧±arccos ( ௫ೂ

ට൫௫ೂ൯
మା൫௬ೂ൯

మ
) 

±arcsin ( ௬ೂ

ට൫௫ೂ൯
మ
ା൫௬ೂ൯

మ
) 

= ቄ 30.9637଴ 
−30.9637଴ 

  

⇒ ଵߙ = −30.9637଴  
And 

ଶߙ = ଵߙ − arccosቌ ோ

ට൫௫ೂ൯
మା൫௬ೂ൯

మ
ቍ = −111.0887଴  

Therefore ܳ(−30.9637଴,−111.0887଴) is the coordinates of 
the point Q in the Angular coordinate system 
  
• Suppose that the point P is included in the line and 
ܲ(−2,−10), therefore the distance  
ܱܲ = √2ଶ + 10ଶ = √104 = 10.198  

ଵߚ = ቐ
±arccos ( ௫೛

ඥ(௫ು)మା(௬ು)మ
) 

±arcsin ( ௬ು
ඥ(௫ು)మା(௬ು)మ

) 
= ቄ101.3099଴ 

−78.69଴ 
  

⇒ ଵߚ = −101.3099଴  
And 
ଶߚ = ଵߚ − arccos ൬ ோ

ඥ(௫ು)మା(௬ು)మ
൰ = −185.6825଴   

Therefore ܲ(−101.3099଴,−185.6825଴) is the coordinates of 
the point P in the Angular coordinate system. 
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Fig.8: represents the line ݕ = ݔ − 8 and two points Q and P of 
this line. 
 

By knowing the coordinates of two points P and Q in the 
Angular coordinate system it is easily to determine the 
equation of the line in the Angular coordinate system. 
 
ܽଵ = ୡ୭ୱ(ఈ) ୱ୧୬(ఉభ)ିୱ୧୬(ఈభ)ୡ୭ୱ(ఉ)

ୡ୭ୱ (ఈ)∙ୡ୭ୱ(ఉభ)ିୡ୭ୱ(ఉ)∙ୡ୭ୱ(ఈభ)
    (24) 

ܽଵ = ୡ୭ୱ൫଼଴.ଵଶହబ൯ୱ୧୬൫ିଵ଴ଵ.ଷ଴ଽଽబ൯ିୱ୧୬൫ିଷ଴.ଽ଺ଷ଻బ൯ ୡ୭ୱ൫଼ସ.ଷ଻ଶ଺బ൯
ୡ୭ୱ (଼଴.ଵଶହబ)∙ୡ୭ୱ(ିଵ଴ଵ.ଷ଴ଽଽబ)ିୡ୭ୱ(଼ସ.ଷ଻ଶ଺బ)∙ୡ୭ୱ(ିଷ଴.ଽ଺ଷ଻బ)  

⇒ ܽଵ = 1  
 
ܾଵ = ୱ୧୬  (ఈభିఉభ)

ୡ୭ୱ (ఈ)∙ୡ୭ୱ(ఉభ)ିୡ୭ୱ(ఉ)∙ୡ୭ୱ(ఈభ)
     (25) 

ܾଵ = ୱ୧୬  (ିଷ଴.ଽ଺ଷ଻బାଵ଴ଵ.ଷ଴ଽଽబ)
ୡ୭ୱ (଼଴.ଵଶହబ)∙ୡ୭ୱ(ିଵ଴ଵ.ଷ଴ଽଽబ)ିୡ୭ୱ(଼ସ.ଷ଻ଶ଺బ)∙ୡ୭ୱ(ିଷ଴.ଽ଺ଷ଻బ)  

⇒ ܾଵ = −8  
⇒ sin(ߛଵ) = cos(ߛଵ)ܽଵ + cos (ߛ)ܾଵ    (26) 
⇒ sin(ߛଵ) = cos(ߛଵ)− 8 cos(ߛ)  
This is the equation of the line that passes through two points 
P and Q. 
 
C. Determine the coordinates of Angular coordinate system 
from the Cartesian coordinate system 

When we have the point ݔ)ܯ,  in the Cartesian coordinate(ݕ
system and we want to transfer this point to the Angular 
coordinate system ܯ(ߙଵ,ߙଶ) then we follow these steps: 
 
ܯܱ = ோ

ୡ୭ୱ(ఈభିఈమ)
= ோ

ୡ୭ୱ(ఈ)
     (3) 

 
Finding the angle (ߙଵ) 
ெݔ = ܯܱ ∙ cos(ߙଵ) = ඥ(ݔெ)ଶ + ଶ(ெݕ) ∙ cos(ߙଵ)   
    (11) 

⇒ cos(ߙଵ) = ௫ಾ
ඥ(௫ಾ)మା(௬ಾ)మ

  

⇒ ଵߙ = ±arccos ( ௫ಾ
ඥ(௫ಾ)మା(௬ಾ)మ

)    (28) 

 
ெݕ = ܯܱ ∙ sin(ߙଵ) = ඥ(ݔெ)ଶ + ଶ(ெݕ) ∙ sin(ߙଵ)   
    (10) 
⇒ sin(ߙଵ) = ௬ಾ

ඥ(௫ಾ)మା(௬ಾ)మ
  

⇒ ଵߙ = ±arcsin ( ௬ಾ
ඥ(௫ಾ)మା(௬ಾ)మ

)    (29)  

 

ଵߙ = ቐ
±arccos ( ௫ಾ

ඥ(௫ಾ)మା(௬ಾ)మ
) 

±arcsin ( ௬ಾ
ඥ(௫ಾ)మା(௬ಾ)మ

) 
    (30) 

The equation (30) gives the position of the point M as its sign.  
If ݔெ ≥ 0 and ݕெ ≥ 0 ⇒ ଵߙ ≥ 0 
If ݔெ ≥ 0 and ݕெ < 0 ⇒ ଵߙ < 0 
If ݔெ < 0 and ݕெ ≥ 0 ⇒ ଵߙ ≥ 0 
If ݔெ < 0 and ݕெ < 0 ⇒ ଵߙ < 0 
 
Finding the angle (ߙଶ) 
cos(ߙଵ − (ଶߙ = ோ

ைெ
= ோ

ඥ(௫ಾ)మା(௬ಾ)మ
  

ଶߙ = ଵߙ − arccos ( ோ
ඥ(௫ಾ)మା(௬ಾ)మ

)    (31) 

 
 
D. Determine a vector in the Angular coordinate system in 2D 
space 
Considering a vector in the Cartesian coordinate system 
ሬሬሬሬሬ⃗ܤܣ = ஻ݔ) − +஺)ଓ⃗ݔ ஻ݕ) −  ஺)ଔ⃗     (32)ݕ
(refer to figure 9) 

 
Fig.9: represents the vector ܤܣሬሬሬሬሬ⃗  in the Angular coordinate 
system. 
 
஻ݔ = ܤܱ ∙ cos (ߚଵ) and ݕ஻ = ܤܱ ∙   (ଵߚ) ݊݅ݏ
஺ݔ = ܣܱ ∙ cos (ߙଵ) and ݕ஺ = ܣܱ ∙   (ଵߙ) ݊݅ݏ
 
⇒ ሬሬሬሬሬ⃗ܤܣ = ܴ ቀୡ୭ୱ(ఉభ)

ୡ୭ୱ(ఉ) −
ୡ୭ୱ(ఈభ)
ୡ୭ୱ(ఈ) ቁ ଓ⃗ + ܴ ቀୱ୧୬(ఉభ)

ୡ୭ୱ(ఉ) −
ୱ୧୬(ఈభ)
ୡ୭ୱ(ఈ)ቁ ଔ⃗   

            (32’) 
Considering that 
ߙ = ଵߙ − ߚ ଶ andߙ = ଵߚ −  ଶߚ
The equation (33) is the equation of a vector in the Angular 
coordinate system. 
 
Remark: if the angle ߙ  is constant and if ߙଵ  is variable 
therefore the Point describes a circle of center “O”. 
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IV. PROPERTIES OF THE ANGULAR COORDINATE 
SYSTEM IN 2D SPACE 

In this section, we are going to determine some important 
geometrical and analytical properties of the Angular 
coordinate system in order to draw equations and curves such 
as ߙଵ = ଶߙ + గ

଺
. In this paper we are taking  ߙଵ =  .(ଶߙ)݂

 
A. Derivation of a function 

Considering a derivable curve ݂(ݔ)  in the Cartesian 
coordinate system, therefore: 
݂ᇱ(ݔ) = lim

௫ಳ→௫ಲ

௙(௫ಳ)ି௙(௫ಲ)
௫ಳି௫ಲ

     (33) 

With ݔ஻ = ஺ݔ +  ߝ
⇒ ݂ᇱ(ݔ) = lim௫ಳ→௫ಲ

௙(௫ಳ)ି௙(௫ಲ)
௫ಳି௫ಲ

= lim
ఌ→଴

௙(௫ಲାఌ)ି௙(௫ಲ)
(௫ಲାఌ)ି௫ಲ

=

lim
ఌ→଴

௙(௫ಲାఌ)ି௙(௫ಲ)
ఌ

  
 

 
Fig.10: represents the two points A and B of a curve. 
 
The equation (33) can be written in the Angular coordinate 
system as following: 
(஺ݔ)݂ = ஺ݕ = ܴ ୱ୧୬(ఈభ)

ୡ୭ୱ(ఈ)   

(஻ݔ)݂ = ஻ݕ = ܴ ୱ୧୬(ఉభ)
ୡ୭ୱ(ఉ)   

஺ݔ = ܴ ୡ୭ୱ(ఈభ)
ୡ୭ୱ(ఈ)   

஻ݔ = ܴ ୡ୭ୱ(ఉభ)
ୡ୭ୱ(ఉ)   

⇒ ݂ᇱ(ݔ) = lim
ோౙ౥౩(ഁభ )
ౙ౥౩(ഁ) →ோ

ౙ౥౩(ഀభ)
ౙ౥౩(ഀ)

ቆ
ோ౩౟౤(ഁభ)
ౙ౥౩(ഁ) ିோ

౩౟౤(ഀభ)
ౙ౥౩( )ഀ

ோౙ౥౩(ഁభ)
ౙ౥౩(ഁ) ିோ

ౙ౥౩(ഀభ)
ౙ౥౩(ഀ)

ቇ  

⇒ ݂ᇱ(ݔ) = lim
ఉ→ఈ

(ୱ୧୬(ఉభ)ୡ୭ୱ(ఈ)ିୱ୧୬(ఈభ) ୡ୭ୱ(ఉ)
ୡ୭ୱ(ఉభ)ୡ୭ୱ(ఈ)ିୡ୭ୱ(ఈభ)ୡ୭ୱ(ఉ)  

 
Considering that 
ߚ = ߙ + ଵߚ , ߝ = ଵߙ + ଶߚ ଵ, andߝ = ଶߙ +  ଶߝ
Then ߝ = ଵߝ −  ଶߝ
Therefore ߚ → ߝ is equivalent to ߙ → 0 then 
݂ᇱ(ݔ஺) = lim

ఌ→଴
(ୱ୧୬(ఈభାఌభ) ୡ୭ୱ(ఈ)ିୱ୧୬(ఈభ)ୡ୭ୱ(ఈାఌ)
ୡ୭ୱ(ఈభାఌభ) ୡ୭ୱ(ఈ)ିୡ୭ୱ(ఈభ)ୡ୭ୱ(ఈାఌ)

)  (34) 
 
We have two cases: 
• if ߝ → 0 and |ߝ| ≥ ଵߝ ଵ| thenߝ| → 0  
The equation (34) will be: 
݂ᇱ(ݔ஺) = lim

ఌ→଴
ቀୱ୧୬(ఈభ)ୡ୭ୱ(ఈ)ିୱ୧୬(ఈభ) ୡ୭ୱ(ఈାఌ)
ୡ୭ୱ(ఈభ)ୡ୭ୱ(ఈ)ିୡ୭ୱ(ఈభ)ୡ୭ୱ(ఈାఌ)ቁ  

 
⇒ ݂ᇱ(ݔ஺) = lim

ఌ→଴
ቀୱ୧୬(ఈభ)
ୡ୭ୱ(ఈభ)

ୡ୭ୱ(ఈ)ିୡ୭ୱ(ఈାఌ)
ୡ୭ୱ(ఈ)ିୡ୭ୱ(ఈାఌ)

ቁ  

 
⇒ ݂ᇱ(ݔ஺) = lim

ఌ→଴

ୱ୧୬(ఈభ)
ୡ୭ୱ(ఈభ) = tan (ߙଵ)  

 
• if ߝ → 0 and |ߝ| < ଵߝ ଵ| thenߝ| → 0±  
The equation (34) will be: 
݂ᇱ(ݔ஺) = lim

ఌభ→଴±
( ୱ୧୬(ఈభାఌభ) ୡ୭ୱ(ఈ)ିୱ୧୬(ఈభ) ୡ୭ୱ(ఈ)
ୡ୭ୱ(ఈభାఌభ) ୡ୭ୱ(ఈ)ିୡ୭ୱ(ఈభ) ୡ୭ୱ(ఈ))  

⇒ ݂ᇱ(ݔ஺) = lim
ఌభ→଴±

(ୱ୧୬(ఈభାఌభ)ିୱ୧୬(ఈభ)
ୡ୭ୱ(ఈభାఌభ)ିୡ୭ୱ(ఈభ)

)  

⇒ ݂ᇱ(ݔ஺) = lim
ఌభ→଴±

(ୱ୧୬(ఈభ) ୡ୭ୱ(ఌభ)ାୡ୭ୱ(ఈభ)ୱ୧୬ (ఌభ)ିୱ୧୬(ఈభ)
ୡ୭ୱ(ఈభ) ୡ୭ୱ(ఌభ)ିୱ୧୬(ఈభ)ୱ୧୬  (ఌభ)ିୡ୭ୱ(ఈభ)

) (35) 

We have 
cos(ߝଵ) = 1 − ఌభమ

ଶ
     (36) 

sin(ߝଵ) = ଵߝ −
ఌభయ

଺
=  ଵ     (37)ߝ

By putting the equations (36) and (37) in the equation (35) we 
obtain finally: 
݂ᇱ(ݔ஺) = − ଵ

୲ୟ୬(ఈభ) =   (ଵߙ)݊ܽݐ݋ܿ−
 
B. Study of ߝ in different regions in the space 

The space of the Angular coordinate system can be divided 
into 8 regions as shown in figure 11.  
The study of regions helps us to understand how a curve can 
be described in the space and how it is moving. 

 
Fig.11: represents the regions of the Angular coordinate 
system space. 
 
These regions help us to study the variation of the angle ߝ ,ߝଵ 
and ߝଶ in the space. 
 
Remark:  
ߚ = ߙ +   ߝ
ଵߚ = ଵߙ + ଶߚ ; ଵߝ = ଶߙ + ߝ ; ଶߝ = ଵߝ −   ଶߝ
If  ߚ → → then ߙ 0 , which means that the Point B is going to 
the Point A as shown in the figure 10. 
 
•Region (I): 
As shown in the figure 12, the point A is in the region (I) (at 
the left part of (OBC) outside the circle) 
Therefore: 
ଵߝ = ଵߚ − ଵߙ < 0 and ߝଶ = ଶߚ − ଶߙ < 0  

⇒ ߝ = ଵߝ − ଶߝ ⇒ ൜
ߝ < |ଵߝ| ݂݅ 0 >  |ଶߝ|
ߝ ≥ |ଵߝ| ݂݅ 0 ≤ |ଶߝ|   
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Fig.12: represents the point A in the region (I) of the Angular 
coordinate system space. 
 
•Region (I’): 
As shown in the figure 13, the point A is in the region (I’) (at 
the right part of (O’BD) outside the circle) 
Therefore: 
ଵߝ = ଵߚ − ଵߙ > 0 and ߝଶ = ଶߚ − ଶߙ > 0  

⇒ ߝ = ଵߝ − ଶߝ ⇒ ൜
ߝ < |ଵߝ| ݂݅ 0 <  |ଶߝ|
ߝ ≥ |ଵߝ| ݂݅ 0 ≥ |ଶߝ|   

 
Fig.13: represents the point A in the region (I’) of the Angular 
coordinate system space. 
 
•Region (IV): 
As shown in the figure 14, the point A is in the region (IV) (in 
the triangle (OBO’) outside the circle) 
Therefore: 
ଵߝ = ଵߚ − ଵߙ > 0 and ߝଶ = ଶߚ − ଶߙ < 0  
⇒ ߝ = ଵߝ − ଶߝ > 0 ⇒ |ߝ| >  |ଵߝ|

 

Fig.14: represents the point A in the region (IV) of the 
Angular coordinate system space. 
 
•Region (IV’): 
As shown in the figure 15, the point A is in the region (IV’) 
(in the region (CBD) outside the circle) 
Therefore: 
ଵߝ = ଵߚ − ଵߙ < 0 and ߝଶ = ଶߚ − ଶߙ > 0  
⇒ ߝ = ଵߝ − ଶߝ < 0 ⇒ |ߝ| >  |ଵߝ|

 
Fig.15: represents the point A in the region (IV’) of the 
Angular coordinate system space. 
 
•Region (II): 
As shown in the figure 16, the point A is in the region (II) (in 
the segment (OB) outside the circle) 
Therefore: 
ଵߝ = ଵߚ − ଵߙ = 0 and ߝଶ = ଶߚ − ଶߙ < 0  
⇒ ߝ = ଵߝ − ଶߝ > 0 ⇒ |ߝ| >  |ଵߝ|

 
Fig.16: represents the point A in the region (II) of the Angular 
coordinate system space. 
 
•Region (II’): 
As shown in the figure 17, the point A is in the region (II’) (in 
the segment (BD) outside the circle) 
Therefore: 
ଵߝ = ଵߚ − ଵߙ = 0 and ߝଶ = ଶߚ − ଶߙ > 0  
⇒ ߝ = ଵߝ − ଶߝ < 0 ⇒ |ߝ| >  |ଵߝ|

INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

Issue 4, Volume 6, 2012 566



 
Fig.17: represents the point A in the region (II’) of the 
Angular coordinate system space. 
 
•Region (III): 
As shown in the figure 18, the point A is in the region (III) (in 
the segment (O’B) outside the circle) 
Therefore: 
ଵߝ = ଵߚ − ଵߙ > 0 and ߝଶ = ଶߚ − ଶߙ = 0  
⇒ ߝ = ଵߝ − ଶߝ > 0 ⇒ |ߝ| =  |ଵߝ|

 
Fig.18: represents the point A in the region (III) of the 
Angular coordinate system space. 
 
•Region (III’): 
As shown in the figure 19, the point A is in the region (III’) (in 
the segment (BC) outside the circle) 
Therefore: 
ଵߝ = ଵߚ − ଵߙ < 0 and ߝଶ = ଶߚ − ଶߙ = 0  
⇒ ߝ = ଵߝ − ଶߝ < 0 ⇒ |ߝ| =  |ଵߝ|

 

Fig.19: represents the point A in the region (III’) of the 
Angular coordinate system space. 
 
 has a varied sign and magnitude according to the movement ߝ
of the curve in the Angular coordinate system. 
 
 
C. Different movement of the curve 
 
C.1. Approach of the curve to the center of the angular 
coordinate system. 

If the angle ߚଵ is constant and the angle ߚଶ is approaching 
from the angle ߚଵ, then we say that the curve is approaching 
from the center of the space. 

 
Fig.20: represents the point A in the region (II) of the Angular 
coordinate system space. 
 
 
C.2. Separate (recede) of the curve from the center of the 
angular coordinate system. 

If the angle ߚଵ  is constant and the angle ߚଶ  is separating 
from the angle ߚଵ , then we say that the curve is separating 
from the center of the space. 

 
Fig.21: represents the point A in the region (II’) of the 
Angular coordinate system space. 
 
 
C.3. Approach of the curve to the tangent of the unit circle of 
the angular coordinate system. 

If the angle ߚଶ is constant and the angle ߚଵ is approaching 
from the angle ߚଶ, then we say that the curve is approaching to 
the tangent of the unit circle of the angular coordinate system. 
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Fig.22: represents the point A in the region (III) of the 
Angular coordinate system space. 
 
C.4. Separate (recede) of the curve from the tangent of the unit 
circle of the angular coordinate system. 

If the angle ߚଶ  is constant and the angle ߚଵ  is separating 
from the angle ߚଶ, then we say that the curve is separating 
from the tangent of the unit circle of the angular coordinate 
system. 

 
Fig.23: represents the point A in the region (III’) of the 
Angular coordinate system space. 
 
C.5. Clockwise turn of the curve from the unit circle of the 
angular coordinate system. 
We define  
ଶߚ݀ • = ଶ′′ߚ −  ଶ     (38)′ߚ
ଵߚ݀ • = ଵ′′ߚ −  ଵ     (39)′ߚ
• ௗఉభ
ௗఉమ

= ఉ′′భିఉ′భ
ఉ′′మିఉ′మ

      (40) 

The equation (40) is the variation of ߚଵ  regarding ߚଶ  with 
always the verified condition: 
0 ≤ ଵߚ − ଶߚ < 90଴     (41) 
 
If ݀ߚଵ < 0, then the curve is turning Clockwise. 
If ݀ߚଶ < 0, then the curve is turning Clockwise. 
 

 
Fig.24: represents the point A in the region (I’) of the Angular 
coordinate system space. 
 
C.6. Counterclockwise turn of the curve from the unit circle of 
the angular coordinate system. 
We define  
ଶߚ݀ • = ଶ′′ߚ −  ଶ     (38)′ߚ
ଵߚ݀ • = ଵ′′ߚ −  ଵ     (39)′ߚ
• ௗఉభ
ௗఉమ

= ఉ′′భିఉ′భ
ఉ′′మିఉ′మ

      (40) 

The equation (40) is the variation of ߚଵ  regarding ߚଶ  with 
always the verified condition: 
0 ≤ ଵߚ − ଶߚ < 90଴     (41) 
 
If ݀ߚଵ > 0, then the curve is turning Counterclockwise. 
If ݀ߚଶ > 0, then the curve is turning Counterclockwise. 

 
Fig.25: represents the point A in the region (I) of the Angular 
coordinate system space. 
 
 
C.7. Approach of the curve to the unit circle of the angular 
coordinate system. 

If the angle ߚଵ and ߚଶ are approaching to each other, then 
we say that the curve is approaching to the unit circle of the 
angular coordinate system. 
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Fig.26: represents the point A in the region (IV) of the 
Angular coordinate system space. 
 
C.8. Separate (recede) of the curve to the unit circle of the 
angular coordinate system. 

If the angle ߚଵ and ߚଶ are separating for each other, then we 
say that the curve is separating from the unit circle of the 
angular coordinate system. 

 
Fig.27: represents the point A in the region (IV’) of the 
Angular coordinate system space. 
 
D. Study of the derivation of curves in the angular coordinate 
system 

As we have 8 regions (refer to figure 26) we consider a 
curve in the Angular coordinate system and a point “P” 
belongs to the curve. The nearest point to the point ”P” must 
be in one of the possible 8 regions of the space 
 

 
Fig.28: represents the regions of the Angular coordinate 
system space. 
 

ଵߙ൜݀ ܫ ݊݋݅݃݁ݎ • > 0
ଶߙ݀ > 0 ⇒

ௗఈభ
ௗఈమ

> 0    (42) 

The curve is turning in the counterclockwise direction. 
 

ᇱܫ ݊݋݅݃݁ݎ • ൜
ଵߙ݀ < 0
ଶߙ݀ < 0 ⇒ ௗఈభ

ௗఈమ
> 0    (43) 

The curve is turning in the clockwise direction. 
 

൜ ܫܫ ݊݋݅݃݁ݎ •
ଵߙ݀ = 0
ଶߙ݀ > 0 ⇒

ௗఈభ
ௗఈమ

= 0    (44) 

The curve is approaching to the center. 
 

′ܫܫ ݊݋݅݃݁ݎ • ൜
ଵߙ݀ = 0
ଶߙ݀ < 0 ⇒

ௗఈభ
ௗఈమ

= 0    (45) 

The curve is separating (receding) from the center. 
 

ܫܫܫ ݊݋݅݃݁ݎ • ൜
ଵߙ݀ < 0
ଶߙ݀ = 0 ⇒

ௗఈభ
ௗఈమ

= −∞   (46) 

The curve is approaching to the tangent of the unit circle. 
 

ଵߙ൜݀ ′ܫܫܫ ݊݋݅݃݁ݎ • > 0
ଶߙ݀ = 0 ⇒

ௗఈభ
ௗఈమ

= +∞   (47) 

The curve is separating (receding) from the tangent of the unit 
circle. 
 

ଵߙ൜݀ ܸܫ ݊݋݅݃݁ݎ • < 0
ଶߙ݀ > 0 ⇒

ௗఈభ
ௗఈమ

< 0    (48) 

The curve is approaching to the unit circle. 
 

ଵߙ൜݀ ′ܸܫ ݊݋݅݃݁ݎ • > 0
ଶߙ݀ < 0 ⇒

ௗఈభ
ௗఈమ

< 0    (49) 

The curve is separating from the unit circle. 
 
• If the curve is approaching, then  ߙ = ଵߙ −  .ଶ is decreasingߙ
• If the curve is separating (receding), then  ߙ = ଵߙ −  ଶ isߙ
increasing. 
• If ݀ߙଵ change the sign, then the curve change the turning. 
The same for ݀ߙଶ. 
 
 
E. Study of the summit of a curve in the angular coordinate 
system 
We define a summit when the ݀ߙଵ and ݀  ଶ change their signsߙ
(for example ݀ߙଵ > 0 → ଵߙ݀ < 0) 
We have many cases to study as following: 
 
E.1. Minimum summit 
When both ݀ߙଵ and ݀ߙଶ change their signs 

൜
ଵߙ݀ < 0 → ଵߙ݀ > 0
ଶߙ݀ < 0 → ଶߙ݀ > 0     (50) 

In the case of equation (50) we say that the curve has 
minimum summit as in figure 29. 
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Fig.29: represents a curve with a minimum summit. 
 
E.2. Maximum summit 
When both ݀ߙଵ and ݀ߙଶ change their signs 

൜
ଵߙ݀ > 0 → ଵߙ݀ < 0
ଶߙ݀ > 0 → ଶߙ݀ < 0     (51) 

In the case of equation (51) we say that the curve has 
maximum summit as in figure 30. 

 
Fig.30: represents a curve with a minimum summit. 
 
 
E.3. Point of changing sign 
When one of two angles ݀ߙଵ or ݀ߙଶ changes its sign 

• ൜݀ߙଵ > 0 → ଵߙ݀ > 0
ଶߙ݀ > 0 → ଶߙ݀ < 0    (52) 

In the case of equation (52) we say that the curve has changed 
the direction from region (I) to region (IV’) (refer to figure 
28). 
 

• ൜݀ߙଵ > 0 → ଵߙ݀ < 0
ଶߙ݀ > 0 → ଶߙ݀ > 0     (53) 

In the case of equation (53) we say that the curve has changed 
the direction from region (I) to region (IV) (refer to figure 28). 
 

• ൜݀ߙଵ > 0 → ଵߙ݀ = 0
ଶߙ݀ > 0 → ଶߙ݀ > 0     (54) 

In the case of equation (54) we say that the curve has changed 
the direction from region (I) to region (IV) (refer to figure 28). 
 

• ൜݀ߙଵ > 0 → ଵߙ݀ > 0
ଶߙ݀ > 0 → ଶߙ݀ = 0     (55) 

In the case of equation (55) we say that the curve has changed 
the direction from region (I) to region (III’) (refer to figure 
28). 
 
The same principal can be applied for other signs. 

 
V. STEPS OF THE STUDY FOR A FUNCTION IN THE 

ANGULAR COORDINATE SYSTEM 
We have mainly 8 principal steps: 
 
1- Find the Domain of definition of the curve using the 
following equation 0 ≤ ଵߙ − ଶߙ < 90଴ . Try to reduce the 
domain as possible. 
2- Study of the movement and estrangement of the curve with 
ߙ = ଵߙ −  .ଶߙ
3- Study of the derivation of the curve ݀ߙଵ/݀ߙଶ ଵߙ݀ ,  and 
 .ଶߙ݀
4- Study the variation of ݀ߙଵand ݀ߙଶ in order to know the 
regions of the curve. 
5- Study the asymptote if it exists in the domain. 
6- Draw the table of definition 
7- Find if there are particular points 
8- Draw the graph 
 

VI. EXAMPLES OF APPLICATIONS 
In this section, some examples are done in order to give an 

idea about how to study a curve in the Angular coordinate 
system similar to the Cartesian coordinate system. 
 
A. Example 1: ߙଵ = ଶߙ + 30଴ 
1- Find the Domain of definition of the curve using the 
following equation 0 ≤ ଵߙ − ଶߙ < 90଴ . Try to reduce the 
domain as possible. 
• 0 ≤ ଵߙ − ଶߙ < 90଴ ⇒ 0 ≤ ଶߙ + 30଴ − ଶߙ < 90଴  
⇒ 0 ≤ ଶߙ + 30଴ − ଶߙ < 90଴ ⇒ 0 ≤ 30଴ < 90଴  
The domain of definition is always correct whatever is the 
angles 
⇒ ଵߙ =] −∞; +∞[  
Or the equation is periodic with 
ଶߙ)ଵߙ + 360଴) = ଶߙ + 30଴  
Therefore the period is equal to 2ߨ  ⇒ ଵߙ = [0; [ߨ2  or 
ଵߙ = [0଴; 360଴] 
 
2- Study of the movement and estrangement of the curve with 
ߙ = ଵߙ −  .ଶߙ
ߙ • = ଵߙ − ଶߙ = 30଴ so it is constant therefore we can deduce 
that it describe a circle with center “O”. 
 
3- Study of the derivation of the curve ݀ߙଵ/݀ߙଶ ଵߙ݀ ,  and 
 .ଶߙ݀
• ௗఈభ
ௗఈమ

= ௗ(ఈమାଷ଴బ)
ௗఈమ

= 1 > 0 
Or ߙଶ = [0଴; 360଴]  
ଵߙ݀ = ଵ"ߙ − ଵ′ߙ > 0  
Therefore we can say that the curve is turning into the 
counterclockwise direction ↶. Therefore there is no summit. 
 
4- Study the variation of ݀ߙଵand ݀ߙଶ in order to know the 
regions of the curve. 
ଵߙ݀ • = ଵ"ߙ − ଵ′ߙ > 0  
ଶߙ݀ = ଶ"ߙ − ଶ′ߙ > 0  
The curve is in the region (I) 
 
5- Study the asymptote if it exists in the domain. 
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• There is no asymptote because 
limఈమ→଴ ଵߙ = 30଴  
limఈమ→ଷ଺଴ ଵߙ = 390଴ = 30଴  
 
6- Draw the table of definition 

 
 
7- Find if there are particular points 
 ଶ 0଴ 90଴ 180଴ 270଴ 360଴ߙ
 ଵ 30଴ 120଴ 210଴ 300଴ 390଴ߙ

 
 
8- Draw the graph 

 
Fig.31: represents the curve ߙଵ = ଶߙ + 30଴. 
 
9- Function programmed in Matlab 
%----Beginning of the Program---- 
%Angular Coordinate System 
%Principal Circle 
r=1; %Radius of the central circle 
c2=0:0.1:360; % in radiant from 0 to 2*PI 
c1=c2; 
xc=r.*cos(pi*c1/180)./cos(pi*c1/180-
pi*c2/180); 
yc=r.*sin(pi*c1/180)./cos(pi*c1/180-
pi*c2/180); 
  
%Function A1=F(A2) 
A2=-180:0.1:180; %Domain of definition of 
"A2" 
A1=A2+30;%Equation  
%Drawing in the Cartesian Coordinate 
system which is equivalent to the Angular 
Coordinate system in this Program  
x=r.*cos(pi*A1/180)./cos(pi*A1/180-
pi*A2/180); 
y=r.*sin(pi*A1/180)./cos(pi*A1/180-
pi*A2/180); 
  
%Plot the result 
figure(1); 
plot(xc,yc,'r');hold on; 

plot(x,y);grid; 
axis([-10 10 -10 10]) 
%----End of the Program---- 
 
B. Example 2: ߙଵ =   ଶߙ/1
1- Find the Domain of definition of the curve using the 
following equation 0 ≤ ଵߙ − ଶߙ < 90଴ . Try to reduce the 
domain as possible. 
• The first condition is that ߙଶ ≠ 0 

0 ≤ ଵߙ − ଶߙ < 90଴ ⇒ 0 ≤
1
ଶߙ

− ଶߙ < 90଴ 

⇒ 0 ≤
1 − ଶଶߙ

ଶߙ
< 90଴ ⇒ 0 ≤ 1 − ଶଶߙ < 90଴ߙଶ 

0 ≤ 1 − ଶଶߙ ⇒ −1 ≤ ଶߙ ≤ 1 
And 1 − ଶଶߙ < 90଴ߙଶ ⇒ ଶଶߙ + 90଴ߙଶ − 1 > 0 

⇒ ൫ߙଶ + 45଴ − √2026൯ ∙ ൫ߙଶ + 45଴ + √2026൯ > 0 
 

 
Therefore the domain of definition is limited by: 
 
ଶߙ ∈] − 45 + √2026; 1]  
 
2- Study of the movement and estrangement of the curve with 
ߙ = ଵߙ −  .ଶߙ
ߙ • = ଵିఈమమ

ఈమ
≥ 0 

ௗఈ
ௗఈమ

= ିଵିఈమమ

ఈమమ
< 0  Therefore we can say that the curve is 

approaching from the unit circle 
 
3- Study of the derivation of the curve ݀ߙଵ/݀ߙଶ ଵߙ݀ ,  and 
 .ଶߙ݀
•ௗఈభ
ௗఈమ

= ିଵ
ఈమమ

< 0 Then we have two possible regions (IV) and 
(IV’). 
 
4- Study the variation of ݀ߙଵand ݀ߙଶ in order to know the 
regions of the curve. 
ଶߙ݀ • = 1 > 0 ⇒ ଵߙ݀ < 0 Then the region is (IV) and we can 
say that the curve is approaching from the unit circle 
 
5- Study the asymptote if it exists in the domain. 
• limఈమ→ଵ ଵߙ = 1଴  
limఈమ→ିସହା√ଶ଴ଶ଺ ଵߙ = 90.0111଴  
limఈమ→ିସହା√ଶ଴ଶ଺ ߙ = 90଴  
There is an asymptote. 
 
6- Draw the table of definition 
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7- Find if there are particular points 
 ଶ 0.02଴ 0.04଴ 0.05଴ 0.1଴ 1଴ߙ
 ଵ 50଴ 25଴ 20଴ 10଴ 1଴ߙ

 
8- Draw the graph 

 
Fig.32: represents the curve ߙଵ =  ଶߙ/1
 
9- Function programmed in Matlab 
%----Beginning of the Program---- 
%Angular Coordinate System 
%Principal Circle 
r=1; %Radius of the central circle 
c2=0:0.1:360; % in radiant from 0 to 2*PI 
c1=c2; 
xc=r.*cos(pi*c1/180)./cos(pi*c1/180-
pi*c2/180); 
yc=r.*sin(pi*c1/180)./cos(pi*c1/180-
pi*c2/180); 
  
%Function A1=F(A2) 
%A1=1/A2 
A2=0.011109:0.00001:1; %Domain of 
definition of "A2" 
A1=1./A2;%Equation  
%Drawing in the Cartesian Coordinate 
system which is equivalent to the Angular 
Coordinate system in this Program  
x=r.*cos(pi*A1/180)./cos(pi*A1/180-
pi*A2/180); 
y=r.*sin(pi*A1/180)./cos(pi*A1/180-
pi*A2/180); 
  
%Plot the result 
figure(1); 

plot(xc,yc,'r');hold on; 
plot(x,y);grid; 
axis([-10 10 -10 10]) 
%----End of the Program---- 
 
C. Example 3: ߙଵ = ଶଶߙ − 10 
1- Find the Domain of definition of the curve using the 
following equation 0 ≤ ଵߙ − ଶߙ < 90଴ . Try to reduce the 
domain as possible. 
•0 ≤ ଶଶߙ − 10− ଶߙ < 90଴ 

⇒ 0 ≤ ቆߙଶ −
√41 + 1

2 ቇቆߙଶ −
−√41 + 1

2 ቇ < 90଴ 

We have two cases: 

a-  
The first domain is ] −∞;ି√ସଵାଵ

ଶ
]⋃[√ସଵାଵ

ଶ
; +∞[ 

 
b- ߙଶଶ − 10 − ଶߙ < 90଴ 

⇒ ቆߙଶ −
1
2
−
√401

2
ቇቆߙଶ −

1
2

+
√401

2
ቇ < 0 

 
The second domain is ] − √ସ଴ଵିଵ

ଶ
; √ସ଴ଵାଵ

ଶ
[ 

Therefore the common domain of ߙଶ is 
] − √ସ଴ଵିଵ

ଶ
; ି√ସଵାଵ

ଶ
]⋃[√ସଵାଵ

ଶ
; √ସ଴ଵାଵ

ଶ
[  

=] − 9.512;−2.7015]⋃[3.7015; 10.512[  
 
And the domain of ߙଵis 
=] − 80.487;−2.7015]⋃[3.7015; 100.51249[  
 
2- Study of the movement and estrangement of the curve with 
ߙ = ଵߙ −  .ଶߙ
ߙ • = ଵߙ − ଶߙ = ଶଶߙ − 10−  ଶߙ
ߙ݀
ଶߙ݀

= ଶߙ2 − 1 

For ߙଶ > ଵ
ଶ
 the curve is separating 

For ߙଶ < ଵ
ଶ
 the curve is approaching 

 
3- Study of the derivation of the curve ݀ߙଵ/݀ߙଶ ଵߙ݀ ,  and 
 .ଶߙ݀
•ௗఈభ
ௗఈమ

=  ଶߙ2

If ߙଶ > 0 ⇒ ௗఈభ
ௗఈమ

> 0 

If ߙଶ < 0 ⇒ ௗఈభ
ௗఈమ

< 0 
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4- Study the variation of ݀ߙଵand ݀ߙଶ in order to know the 
regions of the curve. 
•ௗఈభ
ௗఈమ

=  ଶߙ2

If ߙଶ > 0 ⇒ ௗఈభ
ௗఈమ

> 0 then the possible regions are (I) and (I’). 
Therefore ݀ߙଵ > 0 the only possible region is (I) 
If ߙଶ < 0 ⇒ ௗఈభ

ௗఈమ
< 0 then the possible regions are (IV) and 

(IV’). So ݀ߙଵ < 0 therefore the possible region is (IV). 
 
5- Study the asymptote if it exists in the domain. 
• lim

ఈమ→ି
√రబభషభ

మ
ߙ = 90଴ Therefore it is an asymptote 

lim
ఈమ→ ష√రభశభమ

ߙ = 0଴ 

lim
ఈమ→ √రబభశభమ

ߙ = 90଴ Therefore it is an asymptote 

 
6- Draw the table of definition 

 
 
7- Find if there are particular points 
 ଶ −9଴ −5଴ 4଴ 7଴ 50଴ߙ
 ଵ 71଴ 15଴ 6଴ 39଴ 2490଴ߙ

 
8- Draw the graph 

 
Fig.33: represents the curve ߙଵ = ଶଶߙ − 10 
 
 
D. Example 4: ߙଵ = ଶߙ + 80଴ +   (ଶߙ)ݏ݋ܿ
The shape of this function will be as following: 

 
Fig.34: represents the curve ߙଵ = αଶ + 80଴ + cos(αଶ)  
 
E. Example 5: ߙଵ = ଶߙ + 80଴ + 4 ∙   (ଶߙ)ݏ݋ܿ
The shape of this function will be as following: 

 
Fig.35: represents the curve ߙଵ = αଶ + 80଴ + 4cos(αଶ)  
 

VII. CONCLUSION 
The Angular coordinate system is an original study 

introduced by the author in the mathematical domain. 
The main goal of introducing this system is to facilitate the 
study of some curves that are not easy to study in the other 
coordinate systems. Moreover, the author proposed an 
instrument that gives the position of any point in the 2D space. 
By using this coordinate system, we can describe the whole 
universe in 2D space using two angles only formed by the 
center of a unit circle of the universe. A deep study is 
introduced in order to know how the angular coordinate 
system works and how to study curves in this system. Some 
examples are introduced in order to give an idea about how to 
study a curve in all details. The Angular coordinate system can 
have many applications in mathematics, physics and 
engineering and it can facilitate the study of many complicated 
curves that are almost difficult to study in the traditional 
coordinate system. 
And finally as a conclusion, this coordinate system is very 
important in physics in which we can consider a black hole as 
the unit circle and we have to study the behavior of the 
external universe according to this black hole. In this way we 
can form a universe in which the black hole is the center of it 
and we form curves of defined objects such as rocks, planets, 
stars and so on. 
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