
 

 

  

Abstract—this paper deals with the three dimensional 

formulation of  steady state and transient problems for the heat 

exchanger consisting of rectangular fins attached on either sides of a 

plane wall (double-fin assembly). With the help of the conservative 

averaging method problem was reduced to the two dimensional 

problem. Analytical solution based on Green function is proposed. 

This solution is obtained in the form of the 2nd kind Fredholm 

integral equations. Some solutions for the system of 2nd kind 

Fredholm integral equations are given. 

 

Keywords— analytical solution, Conservative averaging method, 

extended surfaces, Green function, heat transfer.  

I. INTRODUCTION 

Extended surface is used specially to enhance the heat transfer 

between a solid and surrounding medium. Such an extended 

surface is termed a fin. Extended surfaces are widely examined 

in [16]-[18]. The rate of heat transfer is directly proportional 

to the extent of the wall surface, the heat transfer coefficient 

and to the temperature difference between solid and the 

surrounding medium. Finned surfaces are widely used in many 

applications such as air conditioners, aircrafts, chemical 

processing plants, etc. In [3] is considered performance of a 

heat-exchanger consisting of rectangular fins attached to both 

sides of plane wall. In [2],[3] works one dimensional steady-

state double-fin assembly problem is compared with the 

single-fin assembly. Papers [2]-[7] deals with a numerical 

solution for the one dimesional problems. We consider 

analytical solution for the three dimensional problem as in 

[10]-[15]. In paper [10] mathematical three dimensional 

formulation of transient problem for one element with one 

rectangular fin is examined, reduce it by conservative 

averaging method [9] to the system of three heat equations 

with linear sink terms. Reference [11] shows exact analytical 

solution for two-dimensional steady-state process for system 

with one rectangular fin by the method of Green function [1]. 

In [12] three dimensional exact analytical solution for the 
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distribution of the temperature field in the wall with one 

rectangular fin in the form of the 2nd kind Fredholm integral 

equation is constructed.  

II. MATHEMATICAL FORMULATION OF 3D PROBLEM 

In this section we present mathematical three dimensional 

formulation of a transient problem one element with two 

rectangular fins attached to both sides.  

 
Fig. 1 heat exchanger consisting of rectangular fins attached on either 

sides of a plane wall 

 

We will use following dimensionless arguments, parameters: 
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We have introduced following dimensional thermal and 

geometrical parameters: k - heat conductivity coefficients for 

the wall, right fin and left fin, )( 0hh - heat exchange 

coefficient for the right (left) side, B2 – fins width 

(thickness), L – right fin length, 1L – left fin length, D - 

thickness of the wall, W -  walls’ width (length), R2 – 

distance between two fins (fin spacing). Further, 

( )tzyx ,,.0

~

Θ  is the surrounding (environment) temperature 

on the left (hot) side (the heat source side) of the wall, 

( )tzyx ,,,
~

Θ  - the surrounding temperature on the right (cold 

- the heat sink side) of the wall and the fin. Finally ( )tzyxV ,,,0

~

, 

( )tzyxV ,,,
~

, ( )tzyxV ,,,
~

1
 are the dimensional temperatures in 

the wall, right fin and left fin where ( )a bT T  are integral 

averaged environment temperatures over appropriate edges: 
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The one element of the wall (base) is placed in the 

domain [ ] [ ] [ ]{ }wzyx ,0,1,0,,0 ∈∈∈ δ . The rectangular right fin 

in dimensionless arguments occupies the 

domain [ ] [ ] [ ]{ }wzbylx ,0,,0,, ∈∈+∈ δδ . The rectangular left 

fin in dimensionless arguments occupies the 

domain [ ] [ ] [ ]{ }wzbylx ,0,,0,0,1 ∈∈−∈ . We describe the 

temperature field by functions ( ), , ,V x y z t
−

, ( )tzyxV ,,,0

−
, 
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−
 in the wall and fins: 
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We must add initial conditions for the heat equations (1)–(3): 
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We assume heat fluxes from the flank surfaces (edges) and 

from the top and the bottom edges: 

( ) ( ),,,,,, 3,0
0

2,0

0

0 tyxQ
z

V
tyxQ

z

V

wzz

=
∂

∂
=

∂
∂

=

−

=

−

       (7) 

( ) ( ),,,,,, 32

0

tyxQ
z

V
tyxQ

z

V

wzz

=
∂
∂

=
∂
∂

=

−

=

−

       (8) 

( ) ( ).,,,,, 3,1
1

2,1

0

1 tyxQ
z

V
tyxQ

z

V

wzz

=
∂

∂
=

∂
∂

=

−

=

−

      (9) 

In the case of steady state problem all above mentioned 

functions are time-independent. Three dimensional 

formulation of a steady state problem can be obtained in the 

similar way. Instead of (1) –(3) we have: 
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Initial conditions (4)-(6) are not needed. Conditions (7)-(9) are 

in the form: 
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III. REDUCING TO THE 2D MODEL 

Such type of boundary conditions (BC)(7) – (9) allows us to 

make the exact reducing of this three dimensional problem to 

the two dimensional problem by conservative averaging 

method [5]. Let us introduce following integral averaged 

values: 
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Realizing the integration of main equations (1) –(3) by usage 

of the BC (7) – (12) we obtain: 
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We add to the main partial differential equations (15) – (17) 

needed BC as follows: 
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We assume them as ideal thermal contact between wall and 

fins - there is no contact resistance: 
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We have following BC for the right fin: 
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We have following BC for the left fin: 
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Finally, we introduce integral averaged values as (10) – (14) 

and add initial conditions for the heat equations (15) – (17): 
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In the similar way three dimensional steady state problem can 

be reduced to the two dimensional problem. Instead of (15)–

(17) we have: 
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BC are still in the form (18)-(21), (26)-(31), conjugation 

conditions are in the form (22)-(25) for time-independent 

functions ( ) ( ) ( ) ( ) ( )yxyxyxVyxVyxV ,,,,,,,,, 010 ϑϑ . 

Initial conditions (32)-(34) are not needed for steady state 

problem. 

    

 

IV. EXACT SOLUTION OF 2D STEADY STATE SIMPLIFIED 

PROBLEM 

This section represents solution for the 2D case of periodical 

system with constant dimensionless environmental 

temperatures ( )0 01 bTϑ = Θ =  and 0( )aTϑ = Θ = . We 

consider ( )yxU ,  is a temperature of the right fin, ( )yxU ,0
 

is a temperature of the wall and ( )yxU ,1
 is a temperature of 

the left fin. Thus, the main equations are: 
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The BC (20), (21), (28), (31) are assumed to be homogeneous: 
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Instead of BC (18), (19), (26), (27), (29) and (30) we have: 
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The conjugations conditions on the line between the wall and 

the left fin are still standing in the form (24), (25) for the 

functions ( )yxU ,
0

 and ( )yxU ,1
. The linear combination of 

the equations (24), (25) together with BC (38) allow us rewrite 

them as following BC on the left hand side of the wall: 
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In the similar way using the linear combination of the 

equations (22), (23) together with BC (39) we rewrite 

following BC on the right hand side of the wall: 
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  On the assumption that the functions ( )yF ,01
, ( )yF ,0 δ are 

given we can represent solution for the wall in very well 

known form by the Green function [1]: 
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 Here mµ are the positive roots of the transcendental equation:
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Unfortunately the representation (48) is unusable as solution 

for the wall because of unknown functions ( )yF ,01
, ( )yF ,0 δ   

i.e. temperature in the fins. That is why we will pay attention 

to the solution for the fins now. In the same way we can 

rewrite the conjugations conditions (22), (23) in the form of 

BC on the left side of the right rectangular fin: 
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Then, similar as for the wall we can represent solution for the 

right fin in following form: 
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Here ji k,λ  are the positive roots of the transcendental 

equations: 
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Finally, we rewrite the conjugations conditions in the form of 

BC on the right side of the left rectangular fin: 
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Thus, solution for the left fin we can represent in following 

form: 
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Here ji λµ , are the positive roots of the transcendental 

equations:

 

 ( ) ,
2

tan
2

0

2

0
1 βµ

βµ
µ

−
=

i

i
il

 

( ) .tan 0

j

jb λ
β

λ =
 

Using notation (51) and representation (47) we can easy obtain 

the following equation:

 

( ) ( ) ( ) ,,,,,,
0

0 ηηδηδ dyxFyxF

b

Γ⋅−= ∫         (55)
 

where 

( ) ( ).,,,,,, ηξβηξ yxG
x

yx 






 +
∂
∂

=Γ
 

In the similar way we find equation for ( )yF ,01  by using (45) 

and (54): 

( ) ( )

( )

( ) ( ) ,,0,,0,0

,,,0

,,,0,0

1

0

2

0

10

0

1101

1

ννν

ξξβ

ννβ

dyF

dby

dlyyF

b

l

b

Γ+

Γ−

−Γ=

∫

∫

∫

−
          (56)

 

where 

( ) ( ).,,,,,, 101 νςβνς yxG
x

yx 






 −
∂
∂

=Γ  

Next,we find equation for ( )yF ,δ  by using (50) and (48): 

( ) ( ) ( )

( ) ( ) ,,0,,,0

,,,,,

1

0

01

0

00

ννηδ

ννδηδδηδ

dvF

dvFF

b

∫

∫

Γ−

Γ=
         (57) 

where 

( ) ( ).,,,,,, 00 νςβνς yxG
x

yx 






 −
∂
∂

=Γ  

Finally, using (53) and (48) we get equation for ( )yF ,02
: 

( ) ( ) ( )

( ) ( ) ,,,,,

,0,,0,0,0

2

0

0

1

0

212

ννδδνδ

ννν

dyF

dyFyF

b

Γ+

Γ−=

∫

∫
         (58) 

where 

( ) ( ).,,,,,, 002 νςβνς yxG
x

yx 






 +
∂
∂

=Γ  

When a system of Fredholm integral equations of the second 

kind (58) – (61) is solved, we obtain the temperatures fields in 

the wall (48), left fin (54) and right fin (51). 

 

V. EXACT SOLUTION OF 2D TRANSIENT SIMPLIFIED PROBLEM 

In this section we explain the main idea of solution for the 2D 

case of periodical system with constant dimensionless 

environmental temperatures ( )0 01 bTϑ = Θ =  

and 0( )aTϑ = Θ = . We consider ( )tyxU ,,  is a 

temperature of the right fin, ( )tyxU ,,0
 is a temperature of 
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the wall and ( )tyxU ,,1  is a temperature of the left fin. Thus, 

the main equations are: 

,
1 0
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2

2

0

2

t

U
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U

x

U

∂
∂

=
∂

∂
+

∂
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           (59) 

,
1
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2

2

2

t

U
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U

x

U

∂
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=
∂
∂

+
∂
∂

             (60) 

.
1 1
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1

2

2

1

2

t

U
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U

x

U

∂
∂

=
∂

∂
+

∂
∂

            (61) 

The BC (20), (21), (28), (31) are assumed to be homogeneous: 

.0

0

1

01

0

0

0 =
∂

∂
=

∂
∂

=
∂

∂
=

∂

∂

==== yyyy
y

U

y

U

y

U

y

U

 
Instead of BC (18), (19), (26), (27), (29) and (30) we have: 

[ ] ( ),1,,01
0

00
0 byU
x

U

x

∈=−+
∂

∂

=

β          (62) 

( ),1,,00
0 byU
x

U

x

∈=






 +
∂

∂

=δ

β           (63) 

[ ],,0,0 byU
x

U
lx ∈=







 +
∂
∂

+=δβ           (64) 

[ ],,,0 lxU
y

U
by +∈=









+
∂
∂

= δδβ           (65) 

[ ] [ ],,0,01
110

1 byU
x

U
lx ∈=







 −+
∂

∂
−=β         (66) 

[ ] [ ].0,,01 110
1 lxU
y

U
by −∈=









−+
∂

∂
=β         (67) 

Initial conditions are still standing in the form (32) – (34). The 

conjugations conditions on the line between the wall and the 

left fin are still standing in the form (24), (25) for the functions 

( )tyxU ,,
0

 and ( )tyxU ,,1
. The linear combination of the 

equations (24), (25) together with BC (62) allow us rewrite 

them as following BC on the left hand side of the wall: 

( ),,,010

00

00
0 tyFU
x

U

x

ββ =






 −
∂

∂

+=

         (68) 

 where 

( )








≤<−

≤≤≤≤−
∂

∂

=

.1,1

,0,0,
1

,,
1

1

01

yb

xbyU
x

U

tyxF
δ

β    (69) 

In the similar way using the linear combination of the 

equations (22), (23) together with BC (63) we rewrite 

following BC on the right hand side of the wall: 

( ),,,0

0

0
0 tyFU
x

U

x

δββ
δ

=






 +
∂

∂

−=

          (70) 

where 

( )








≤<

≤≤≤≤







+

∂
∂

=

.1,,0

,0,0,
1

,,0

yb

xbyU
x

U

tyxF
δ

β       (71) 

  On the assumption that the functions ( )tyxF ,,1
, ( )tyxF ,,0

are 

given we can represent solution for the wall in very well 

known form by the Green function: 

( ) ( ) ( )

( ) ( )

( ) ( )∫ ∫

∫ ∫

∫ ∫

−+

−−

=

t

t

ddtyxGFa

ddtyxGFa

ddtyxGUtyxU

0
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0
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0
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2

0
0

1

0

0

00

,,,,,,,

,,0,,,,0

,,,,,,,

τητηδτηδβ

τητητηβ

ξηηξηξ
δ

     (72) 

where Green function is: 

( ) ( ) ( ),,,,,,,,,
1, 1
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∞

=

∞
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⋅=
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Here 
mµ are the positive roots of the transcendental equation:

 ( ) ( )
.tan

0

2

0

ββµ
ββµ

δµ
−

+
=

m

m
m

 
Unfortunately the representation (72) is unusable as solution 

for the wall because of unknown functions ( )tyxF ,,1 , 

( )tyxF ,,0
 i.e. temperature in the fins. That is why we will 

pay attention to the solution for the fins now. In the same way 

we can rewrite the conjugations conditions (22), (23) in the 

form of BC on the left side of the right rectangular fin: 

( ),,,
0

tyFU
x

U

x

δββ
δ

=
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∂
∂

+=

          (73) 

where 

( ) .,0,
1

,, 0
0 lxbyU
x

U
tyxF +≤≤≤≤








−

∂
∂

= δδ
β

   (74) 

Then, similar as for the wall we can represent solution for the 

right fin in following form: 

( ) ( ) ( )

( ) ( )∫ ∫

∫ ∫
−−

=
+

t b

l
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0 0
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where Green function is: 
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Here ji λµ ,  are the positive roots of the transcendental 

equations: 

( ) ,
2

tan
22 βµ

βµ
µ

−
=

i

i
il

 

( ) .tan
j

jb λ
β

λ =
 

Finally, we rewrite the conjugations conditions in the form of 

BC on the right side of the left rectangular fin: 
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where
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Thus, solution for the left fin we can represent in following 

form: 
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Here ji λµ , are the positive roots of the transcendental 

equations:
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Using notation (75) and representation (71) we can easy obtain 

the following equation:
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In the similar way we find equation for ( )tyF ,,01
 by using 

(69) and (78): 
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Next,we find equation for ( )tyF ,,δ  by using (74) and (72): 
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δ
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Finally, using (77) and (72) we get equation for 

( )tyF ,,02
: 
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When a system of Fredholm integral equations of the second 

kind (58) – (61) is solved, we obtain the temperatures fields in 

the wall (72), left fin (78) and right fin (75). 

VI. SOLUTION FOR THE SYSTEM OF INTEGRAL EQUATIONS 

This section provides the method that can be used to solve 

the system of integral equations (79)-(82). Let us denote 

unknown functions ( )tyF ,,0 δ , ( )tyF ,,01 , ( )tyF ,,δ , 

( )tyF ,,2 δ  by the functions 4321 ,,, yyyy : 
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Let us denote the kernels f integral equations in such way: 
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Thus we can rewrite the system of integral equation in such 

way: 

( ) ( ) ( ) ( ),,,,,, 0
0 0

3,13

2

1 tyCddtyKyatyy
t b

=−− ∫ ∫ τητητη (83) 

( ) ( ) ( ) ( ),,,,,, 1
0 0

4,24

2

2 tyCddtyKyatyy
t b

=−− ∫ ∫ τητητη  (84) 

( ) ( ) ( )

( ) ( ) ( ),,,,,

,,,,

0

1

0
2,32

2

0 0
1,31

2

3

tyCddtyKya

ddtyKyatyy

t

t b

=−−

−−

∫ ∫

∫ ∫
τητητη

τητητη
    (85) 

( ) ( ) ( )

( ) ( )
( ).,

,,,

,,,,

2

0

1

0
2,42

2

0 0
1,41

2

4

tyC

ddtyKya

ddtyKyatyy

t

t b

=

−−

−−

∫ ∫

∫ ∫
τητητη

τητητη

    (86) 

On the assumption that the kernels 

( ) ( )τητη −− tyKtyK ,,,,, 2,32,4
 are continuous or square 

integrable on the square [ ]10,10 ≤≤≤≤ ηy , other kernels 

( ) ( ) ( ) ( )τητητητη −−−− tyKtyKtyKtyK ,,,,,,,,,,, 1,41,34,23,1

are continuous or square integrable on the square 

[ ],0,0 bby ≤≤≤≤ η  and the right-hand sides 

( ) ( ) ( ) ( )tyCtyCtyCtyC ,,,,, 210
 are continuous or square 

integrable on [ ]10 ≤≤ y  the theory for Fredholm equations of 

the second kind can be completely extended to such systems. 

Thus system of integral equations (83)-(86) can be solved by 

means of the method of successive approximations. To this 

end, one should use the recurrent formula: 
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with the zeroth approximations: 
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