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Numerous researchers have investigated various examples of functional equations that are of the
general form

C1(x, y)P (x, y) = C2(x, y)P (x, 0) + C3(x, y)P (0, y) + C4(x, y)P (0, 0), (1)

where Ci, i = 1, 2, 3, 4, are given functions in two complex variables x, y and the unknown function
P is a probability generating function (PGF). So, P is de�ned and analytic in the closed unit disc
of the complex plane. The equations have many important applications in the queuing theory and
in the communication networks (see, e.g., [1, 2, 6, 7, 9, 12, 13, 14]).

A quite popular technique of solving those equations is a reduction to a boundary value problem
(cf. [3, 4, 5, 8]). Unfortunately, that approach is not always su�ciently e�ective and there is no
universal e�cient solving method known for such equations, so far.

The lecture contains some general remarks concerning the issue of solving the equations, with some
examples. In particular, we discuss the cases of the following two functional equations

y(x−A(x, y))P (x, y) = A(x, y)[(γxy + γx− y)P (0, y) + γx(y − 1)P (0, 0)], (2)

and [
(1 + α+ β)xy − αy − βx− x2y2

]
P (x, y) = βx(y − 1)P (x, 0) + αy(x− 1)P (0, y), (3)

where the unknown function P is a PGF, and therefore must be of the form

P (x, y) =

∞∑
m,n=0

pm,nx
myn,

with some sequence of nonnegative real numbers pm,n (m,n = 0, 1, 2, . . .) satisfying the normaliza-
tion condition

∞∑
m,n=0

pm,n = 1.

The �rst equation (2) arises in [10] (see also [11]) in a performance analysis of an ATM (Asynchro-
nous Transfer Mode) bu�ered switch transmitting two-class tra�c over unreliable channels. The
port is modeled as two logical queues with one server o�ering two service rates, 1 and γ, with r1, r2
being the arrival rates of class-1 and class-2 packets, respectively, and

A(x, y) =
(
1− r1 + r2

N
+

1

N
(r1x+ r2y)

)N
,

where N is the number of input/output ports and γ = 1− γ.

The second equation (3) was obtained in [6], in a double queue model, where the arriving customers
simultaneously place two demands handled independently by two servers, with service times rates
α, β and the stability condition 1 < α ≤ β.
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